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State and Parameter Estimation of Triangular
Layered Networks

with Saturated Interconnections
Adel M. Annabi, Jean-Baptiste Pomet, Dario Prandi, and Ludovic Sacchelli

Abstract—We study the online state and parameter estimation
of a p-layer triangular network where the interconnections
are saturating nonlinearities. All coupling matrices and bias
terms are unknown, and each linear part is known up to a
bounded perturbation of a nominal Hurwitz matrix. Only the
first layer is measured, and every layer is controlled. In this
model the unknown parameters enter the dynamics multiplied
by the saturation of states that are not measured, so the
estimation involves a product of two unknown terms. We propose
a protocol that exploits the nature of the saturation function to
lift this ambiguity. The control inputs steer the saturation outputs
through prescribed values, isolating one block of unknowns at
a time and keeping every entry of the regressor known. All
couplings and biases are then recovered exactly, in finite time and
at instants computable in advance. The procedure is inherently
online, since each stage constructs its inputs from the estimates
delivered by the previous one. Numerical simulations illustrate
the method.

Index Terms—Parameter identification, experiment design,
saturated systems, block-oriented systems, sliding-mode differ-
entiators, networked systems.

I. INTRODUCTION

This paper studies the identification of layered networks
whose interconnections pass through a known saturation. Each
layer obeys linear dynamics driven by the outputs of the other
layers, each passed through a known sigmoid applied compo-
nentwise; the coupling matrices and biases are unknown, and
so are the linear parts, up to a nominal Hurwitz term within
a bounded perturbation. In system identification, cascades of
static nonlinearities and linear blocks (Hammerstein–Wiener
structures and their multi-layer extensions) have long offered
models of this shape [1], [2], and there the design of the
excitation is recognized as central, whether for open-loop or
closed-loop experiments [3], [4], [5]. We take this point of
view further. In the present class the saturation itself lets one
prescribe the values that the regressor will visit, so persistency
of excitation stops being a hypothesis on the data and becomes
part of the construction.

A prominent instance comes from neuroscience. In the
Wilson–Cowan equations [6], coupled neural populations in-
teract through saturating firing rates, and layered variants
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remain standard tools for macroscopic cortical dynamics [7],
[8]. Their parameters are poorly identified [9], [10], [11], and
gains such as synaptic couplings drift over time [12], which
motivates estimators that adapt online [13].

When the state is only partially measured, adaptive ob-
servers are the natural tool [14], and they have been built for
several population models: conductance-based [15], delayed
neural fields [16], [17] related to [18], [19], and Jansen–Rit
[20], [21]. Their convergence typically requires dissipativity,
persistency of excitation along the trajectory visited, or strong
structural assumptions on the system. How much richness a
given law needs is itself an active object of study [22], [23],
[24], [25]. These works analyze or optimize a given source
of excitation; none can create one where the trajectory carries
none. That is precisely what the saturation allows here.

Our approach is to design the experimental inputs explic-
itly so as to force identifiability at each stage. By steering
the saturation outputs through prescribed values we lift the
ambiguity that saturations otherwise create, and we retrieve
the parameters with an exact differentiator and least-squares
fits. The estimation is necessarily online and recursive, since
each stage uses the estimates of the previous one to construct
its inputs. The main result is that all unknown parameters
of a general network with an arbitrary number of layers are
recovered exactly in finite time.

The protocol is described in Section III; the statements are
Theorems 4 and 5. They differ on one parameter, namely the
linear part of a layer that is not measured. The first theorem
takes it as known; the second identifies it when the layer
admits persistently exciting band references (Assumption 7),
and Proposition 6 shows that this condition is necessary.

A preliminary version of these results appeared in [26],
where the interconnection matrices of a layered network are
identified under the assumptions that the linear part of every
layer is known and equal to minus the identity, that the
biases vanish, and that the inputs act through the identity. The
present paper removes these restrictions: the linear parts are
unknown up to a known nominal Hurwitz part (and identified
under Assumption 7 below), the biases are unknown, the
input matrices are arbitrary invertible ones, and the existence
statements of [26] are replaced by the explicit protocol of
Section III, with closed-form estimators and an explicit iden-
tification time. The protocol below rests on four auxiliary
results, developed for a single saturated layer: regression on
prescribed saturation patterns, steering of an unmeasured state
into saturation, chaining of such steers, and output-feedback
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tracking inside the band. They are stated in Section IV.
The paper is organized as follows. Section II defines the

model, the assumptions and the notion of protocol. Section III
presents the protocol and the two identification theorems.
Section IV states the auxiliary results used in their proofs. Sec-
tion V collects the design results on which the realization of
the protocol rests. Section VI reports simulations, Section VII
the limitations. The proofs of the main theorems are in the
appendix.

II. PROBLEM STATEMENT

Notation: For integers m < n, Jm,nK := {i ∈ Z : m ≤
i ≤ n}. 1d ∈ Rd has all entries equal to 1, and e1, . . . , ed
is the canonical basis of Rd. Given g : R → R and z ∈
Rd, g(z) := (g(z1), . . . , g(zd))

⊤. For L > 0 and X ⊂ Rd,
C1,L(R, X) is the set of C1 curves with values in X whose
derivative is bounded by L. ∥ · ∥ is the Euclidean norm, ∥ · ∥∞
the max norm. For M1 ∈ Rd×d1 , M2 ∈ Rd×d2 and v ∈ Rd,
[M1 |M2 | v] ∈ Rd×(d1+d2+1) is the horizontal concatenation.
⌈σ⌋a := |σ|a sign(σ), with sign the set-valued sign, so that
⌈σ⌋1/2 = sign(σ)

√
|σ|. Bounds that mix the Euclidean and

the max norm absorb the conversion factor
√
d.

A. The model

We consider a network of p layers,
V̇k = AkVk +

min(k+1,p)∑
j=1

WkjS(Vj) +Bkuk + hk,

y = V1,

(1)

for k ∈ J1, pK, where Vk ∈ Rnk is the state of the k-th layer,
uk ∈ Rnk its control, and only the first layer is measured.
We write n1 ≥ n2 ≥ · · · ≥ np and V := (V1, . . . , Vp). The
parameters of (1) are collected, layer by layer, in

Θk :=
(
(Ai, hi)i≤k, (Wij)i≤k, j≤min(i+1,p)

)
, (2)

and Θ := Θp. Thus Θk gathers the first k rows of the network,
including the coupling Wk,k+1 to the first unidentified layer.

The structure is feedforward with one step of overlap. Layer
k receives S(Vj) from every layer j ≤ k and from the next
layer through Wk,k+1 alone. The word triangular refers to this
zero pattern of the block matrix (Wkj)k,j .

B. Assumptions

Assumption 1 (Linear part, known nominally). For each k ∈
J1, pK, Ak = A0

k + Ãk where A0
k ∈ Rnk×nk is known and

Hurwitz and ∥Ãk∥ ≤ ε0, for some ε0 > 0 satisfying the
explicit smallness condition (6) below; ε0 is part of the known
data.

Assumption 2 (Biases). Each hk ∈ Rnk is unknown and
∥hk∥ ≤ h̄ for a known h̄ > 0.

Assumption 3 (Interconnections). Each Wkj is unknown and
∥Wkj∥ ≤ W̄ for a known W̄ > 0. In addition, nk ≥ nk+1 and
rankWk,k+1 = nk+1 for k ∈ J1, p − 1K, so that W †

k,k+1 :=

(W⊤
k,k+1Wk,k+1)

−1W⊤
k,k+1 satisfies W †

k,k+1Wk,k+1 = Ink+1
.

Assumption 4 (Saturation). S : R → [0, 1] is a known
sigmoid, applied componentwise to vectors. It is globally
Lipschitz, piecewise C2 with bounded derivatives on each
piece, satisfies

x ≤ R ⇒ S(x) = 0, x ≥ R̄ ⇒ S(x) = 1 (3)

for known levels R < R̄, and is strictly increasing on [R, R̄].
We set R := max{|R|, |R̄|}.

The inverse of S is defined on (0, 1) only, and its Lipschitz
constant blows up at the two saturation levels. Both the
feedback law that keeps a layer in the band (Section V) and the
descent of Section III use, instead, its truncation at a margin
ω. For ω ∈ (0, 1/4) we write

S†(σ) := S−1
(
min{max{σ, ω}, 1− ω}

)
, σ ∈ R, (4)

extended componentwise, and

Ωd
ω :=

[
S−1(ω), S−1(1− ω)

]d
,

Lω := Lip
(
S−1|[ω,1−ω]

)
<∞.

(5)

Thus S† is defined on all of R, is globally Lω-Lipschitz,
takes its values in Ω1

ω , and coincides with S−1 on [ω, 1− ω];
equivalently, S†(S(x)) = x for every x ∈ Ω1

ω .

Assumption 5 (Input matrices). Each Bk ∈ Rnk×nk is known
and invertible.

Assumption 5 is the most demanding one experimentally,
since it grants every layer, measured or not, a full-rank
actuation channel with calibrated gain. If a deep layer carries
no actuator, the protocol loses its hold on that layer. The
descent of Section III can no longer place its state in Ωω ,
so V̂j and every row below become unavailable, although part
of row j may still be recoverable from the regressor built on
its neighbours.

Assumptions 1–5 are in force throughout. Section III re-
quires in addition exactly one of the two below, and the choice
decides one question, namely whether the linear part of an
unmeasured layer can be identified.

Assumption 6 (Known linear parts on the unmeasured layers).
Ãk = 0 for every k ∈ J2, pK; that is, Ak = A0

k is known for
k ≥ 2, while A1 remains unknown.

Assumption 7 (Persistently exciting band references). For
every k ∈ J2, pK there exist references γj ∈ C1,L

(
R,Ωnj

2ω

)
,

j ∈ J1, kK, such that the reference regressor(
γk; 1; S(γ1); . . . ; S(γk)

)
is persistently exciting, in the sense of Definition 14.

Remark 1 (Existence of band references). Assumption 7 is
a condition on the activation, not a structural one: such
references exist as soon as S is not affine on the in-
vertible region Ω2ω . Indeed, if the components of ψ :=
(γk; 1; S(γ1); . . . ;S(γk)) are linearly independent on the
box Ωn1

2ω × · · · × Ωnk
2ω , a sinusoidal curve with rationally

independent frequencies sweeps the box densely, and Weyl’s
equidistribution [27] makes the window Gramians of ψ(γ)
converge to a positive-definite average, so that the reference
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regressor is persistently exciting. When S is affine on Ω2ω ,
the block S(γk) is an affine function of γk and no band
reference of layer k can excite the full regressor; Proposition 6
shows that this is a genuine obstruction for band-confined
experiments. Stage 1 needs no reference: its regressor is
excited by the measured layer crossing the saturation levels.

A layer k ≥ 2 is seen only through S(Vk), hence only
while Vk lies in the band. On an affine piece of that band,
AkVk cannot be told from WkkS(Vk), whatever the input
(Proposition 6). Assumption 6 removes the question; Assump-
tion 7 answers it. The measured layer is affected by neither,
since V1 is available saturated or not and S is affine on no
interval containing a saturation level, so A1 is identified in
both regimes.

Throughout, ρ > 0 is a known bound on the initial
condition, ∥V (0)∥ ≤ ρ, and Mk ≥ 1, αk > 0 are constants
with ∥eA0

kt∥ ≤ Mke
−αkt for t ≥ 0. The perturbation bound

of Assumption 1 is required to satisfy

ε0 ≤ min
k∈J1,pK

αk

8Mk
√
nk
, (6)

which involves only known data. Then ε0 < mink αk/Mk, so
that each Ak is Hurwitz too, with∥∥eAkt

∥∥ ≤Mke
−αkt, αk := αk−Mkε0 ≥ 7

8αk > 0. (7)

Under a bounded input the network is then uniformly bounded,
for every W̄ and with an explicit absorbing radius; no small-
gain or dissipativity condition is imposed anywhere in this
paper. This is Proposition 16, stated in Section V where it is
first used.

C. Protocol

All the controls and estimators below are constructed from
the known data

D :=
(
(A0

k, Bk)k, S, R, R̄, W̄ , h̄, ε0, ρ
)

(8)

and from the measured output up to the current time, so that
they never depend on the unknown parameters.

Definition 2 (Protocol). A protocol is a pair of maps

u(t) = U
(
t, y|[0,t]

)
, Θ̂(t) = F

(
t, y|[0,t]

)
, (9)

constructed from D alone. It identifies Θ in time T ∗ if Θ̂(t) =
Θ for every t ≥ T ∗ and every solution of the closed loop (1)–
(9) with ∥V (0)∥ ≤ ρ.

Both maps in (9) are realized below by a finite-dimensional
filter with a discontinuous right-hand side, so the closed loop
is understood in the sense of Filippov; Remark 20 settles this
point.

III. THE PROTOCOL AND THE MAIN RESULTS

A. The estimator

The protocol runs in p stages. Stage k occupies the interval
[T (k), T (k+1)], is fed with the estimate V̂k of the state of layer
k, and returns the k-th row Θ̂k of the network together with an
estimate V̂k+1 of the state of the next layer, which is the input

of the following stage. Starting from V̂1 := y, this produces
the chain

y = V̂1 −→ V̂2 −→ · · · −→ V̂p, (10)

along which the rows Θ̂1, . . . , Θ̂p are recovered sequentially
(Figure 1). The unmeasured layers are never reconstructed by
a dynamic observer. Each is obtained from the previous one
by inverting the saturation, algebraically and at the current
instant.

Stage k uses 1 + nk+1 time windows, with the convention
np+1 := 0. Throughout, we write

qk := min(k + 1, p), Nk :=

k∑
j=1

nj . (11)

The windows are one regression window [rk, r
′
k], on which

the first k layers are held inside the invertible region Ωω along
known references, and nk+1 saturation windows[

tki , t
k
i + τ + T

]
, i ∈ J1, nk+1K, (12)

on which layer k + 1, and it alone, is driven into saturation.
They are pairwise disjoint subsets of [T (k), T (k+1)], and all of
them, endpoints included, are fixed in advance and computable
from the data D of (8). What the controls impose on the
trajectory during each window is the content of Definition 15
in Section V; the estimator below uses nothing but their
endpoints.

Layers 2, . . . , k never leave Ωω , so their states are available
through the chain (10) at every instant; layer 1 is measured
and needs no such restriction. The values S(Vj), j ≤ k, are
therefore computed rather than imposed. Only the state of
layer k + 1 is unavailable, and it is exactly the layer whose
saturation the design prescribes.

Each stage k proceeds in three steps, of which (b) and (c) are
empty when k = p. In step (a) (regression), the layers j ≤ k
are steered along known references, so that ∥Vj − γj∥∞ ≤ ε
on the regression window [rk, r

′
k], while layer k + 1 is held

at S(Vk+1) = 0; the row estimator (13d) returns the k-th row
up to its forward coupling. In step (b) (forward coupling),
layer k+1 is cycled through the saturation values S(Vk+1) =
ei, i ∈ J1, nk+1K, on the windows (12), with the layers j ≤
k kept inside Ωω; the estimator (13f) recovers Ŵk,k+1. In
step (c) (descent), layer k + 1 is brought into Ω

nk+1
ω , and

the estimator (13g) returns V̂k+1 = Vk+1 from the end of the
descent on. Only layer k+1 is ever saturated, and the estimator
and the design results of Section V are independent, as stated
in Remark 8; the controls that realize (a)–(c) are built on the
results of Section IV and the design results of Section V.

Fix a settling time T > 0; Proposition 18 provides gains
(λ1, λ2) with λ2 > L2 and a gain L such that the differentiator
is exact after time T . Its hypotheses hold along the protocol
with computable constants, as shown at the end of Section V.
Stage k of the protocol is, in its order of activation,{

˙̂zk,1 = Bkuk + ẑk,2 + λ1L⌈V̂k − ẑk,1⌋1/2,
˙̂zk,2 ∈ λ2L

2 sign
(
V̂k − ẑk,1

)
,

(13a)
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y stage 1 stage 2 · · · stage p
V̂2 V̂p

Θ̂1 Θ̂2 Θ̂p

V̂k
differentiator

(13a)
least squares

(13d) Θ̂k

∑forward
(13f)

descent
(13g)

V̂k+1

ẑk,2

ϕkŴk,k+1

Figure 1. One stage of the estimator (stage k, repeated p times; last two
blocks empty if k = p). The differentiator estimates the drift of layer k, the
least-squares block the k-th row, the forward block the forward coupling, and
the descent the next-layer state; the residual ϕk is formed at the

∑
node.

Input V̂k = y when k = 1; the stage returns Θ̂k and feeds V̂k+1 to the next
stage, forming the chain y = V̂1 → · · · → V̂p.

Ψk :=


V̂k
1

S(V̂1)
...

S(V̂k)

 ∈ Rnk+1+Nk , (13b)

Zk :=

∫ r′k

rk+T

ẑk,2 Ψ
⊤
k dt, Γk :=

∫ r′k

rk+T

ΨkΨ
⊤
k dt, (13c)

[
Âk | ĥk | Ŵk1 | · · · | Ŵkk

]
:= Zk Γ

−1
k , (13d)

ϕk := ẑk,2 − ÂkV̂k − ĥk −
k∑

j=1

ŴkjS(V̂j), (13e)

Ŵk,k+1 :=
1

τ

nk+1∑
i=1

∫ tki +τ+T

tki +T

ϕk e
⊤
i dt, (13f)

V̂k+1 := S†(Ŵ †
k,k+1ϕk

)
, (13g)

initialized at V̂1 := y and ẑk,·(0) := 0, where the equations
of (13a) are applied componentwise, ẑk,2 collects the second
components, and S† is the truncated inverse (4). Throughout,
Ŵ †

k,k+1 denotes the Moore–Penrose pseudoinverse, with the
convention 0† = 0; it coincides with the left inverse of
Assumption 3 whenever Ŵk,k+1 has full column rank, in
particular once the estimate is exact. Equations (13e)–(13g) are
omitted when k = p. The whole protocol is the concatenation
of (13) for k = 1, . . . , p, each stage being run with the
estimates produced by the previous ones; Θ̂ is set to 0 on the
entries not yet produced, and under Assumption 6 the known
blocks Ak = A0

k, k ≥ 2, are copied verbatim, so that (15)
holds in both regimes. Every right-hand side in (13) involves
the output y, the earlier estimates and the known data D only,
so (13) is a protocol in the sense of Definition 2. The steps
(a)–(c) above list what is imposed on the trajectory during
each window and which equation of (13) consumes it.

A single regression (13d) returns the whole k-th row of
the network except its forward coupling, once the regressor
is persistently exciting. It is legitimate because every entry of

Ψk is known. The states V̂j = Vj , j ≤ k, are supplied by the
chain (10), and S is known. What the design must arrange is
that Ψk be persistently exciting.

Under Assumption 6 the block V̂k of Ψk carries no unknown
at the stages k ≥ 2, and is removed. One regresses ẑk,2−AkV̂k
on

Ψ◦
k :=

[
1; S(V̂1); . . . ; S(V̂k)

]
∈ R1+Nk (14)

and obtains [ĥk | Ŵk1 | · · · | Ŵkk]; the residual (13e) then
reads with the true Ak in place of Âk at those stages. The
reduced regressor is exciting under Assumption 4 alone, and
so is Ψ1, since the reference of the measured layer may cross
the saturation levels, and S is affine on no interval containing
a saturation level. At the stages k ≥ 2 the full regressor is
exciting under Assumption 7. Were S affine in the band, its
block S(V̂k) would be an affine function of its block V̂k and
Γk would be singular for every input; this is the content of
Proposition 6 below.
Remark 3. The truncation in (13g) is what makes V̂k+1 defined
at all times, since the untruncated S−1 is defined only on the
invertible region, which is guaranteed only after step (c) has
taken effect, so it would not define a protocol in the sense
of Definition 2. By (4), V̂k+1 = Vk+1 exactly as soon as
Ŵk,k+1 =Wk,k+1 and Vk+1 ∈ Ω

nk+1
ω .

B. Exact identification

Theorem 4. Let Assumptions 1–6 hold and let ρ > 0, and let
(13d) be run with the reduced regressor (14) at the stages k ≥
2. Then there exists a protocol identifying Θ in an explicit time
T ∗ > 0, constructed from D alone, such that every solution
of the closed loop (1), (13) with ∥V (0)∥ ≤ ρ satisfies

Θ̂k(t) = Θk ∀t ≥ T ∗, k ∈ J1, pK, (15)

and

V̂k+1(t) = Vk+1(t) ∀t ≥ T ∗, k ∈ J1, p− 1K. (16)

The rows are delivered in order: there are instants 0 = T (1) <
· · · < T (p+1) = T ∗, computable in advance, such that Θ̂k =
Θk and V̂k+1 = Vk+1 for every t ≥ T (k+1).

Theorem 5. The conclusion of Theorem 4 holds verbatim
with Assumption 6 replaced by Assumption 7 and the reduced
regressor by the full regressor (13b) at every stage k ≥ 2
(stage 1 already uses the full regressor). In that regime no Ak

is known, and

Âk(t) = Ak ∀t ≥ T ∗, k ∈ J1, pK. (17)

Both proofs are in the appendix; they differ in one para-
graph. The next proposition says that the alternative between
the two assumptions is not an artifact of the protocol.

Proposition 6. Let k ∈ J2, pK and suppose S is affine, with
slope s ̸= 0 and offset cS , on a subinterval I ⊂ (R, R̄). Then
for every A ∈ Rnk×nk the parameter sets (Ak,Wkk, hk) and(

Ak +A, Wkk −A/s, hk + (cS/s)A1nk

)
(18)

produce the same output along every solution of (1) on which
Vk takes its values in Ink . Every small enough A keeps the
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perturbed parameters within the bounds of Assumptions 2–3,
so the two parameter sets are both admissible. Consequently
no protocol confining layer k to Ink identifies Ak, and
Assumption 7 cannot be dropped from Theorem 5.

Proof. Substitute (18) into the k-th line of (1) and use S(x) =
sx+ cS on I . The modified drift is

(Ak +A)Vk +
(
Wkk −A/s

)
S(Vk) + hk + (cS/s)A1nk

= AkVk +WkkS(Vk) + hk,

since the three added terms cancel on Ink . The two systems
therefore share every solution as long as Vk stays in Ink ,
hence the same output, while the parameters differ by an
arbitrary nonzero A. No protocol confining layer k to that
region separates them.

Remark 7 (Observability decides). The dichotomy is between
the region on which a layer is observable and the region on
which S is curved. Layer k ≥ 2 is observable only while it lies
in the band, so its linear part needs persistently exciting band
references. Layer 1 is observable on all of R, and S is affine
on no interval containing a saturation level, so A1 is identified
with no further assumption, and the protocol may drive V1
across a saturation level to obtain the excitation, which is what
[26] does for the couplings.

Remark 8 (Separation of design and estimation). The proof
splits into two halves with disjoint hypotheses. The first shows
that (13) returns the exact parameters along any bounded
trajectory realizing the saturation pattern of steps (a)–(c),
and uses only the saturation structure, Assumptions 3–4, and
the differentiator; the second produces one such trajectory,
and uses Assumptions 1–5 and none of the estimators. The
estimator is therefore portable. The design of Section V may
be replaced by any other means of imposing the pattern
without touching (13).

Remark 9 (Recursive implementation). Run on the same
signals, the batch estimators (13d) and (13f) coincide with
recursive least-squares updates fed with the same data. The
protocol is therefore implementable online with memory of
order the square of the regressor dimension, and under zero
noise each estimate is exact as soon as its running Gramian
becomes invertible, no later than the end of the window.

IV. AUXILIARY RESULTS

The protocol of Section III and the design of Section V
rely on four auxiliary results: regression on a prescribed satu-
ration pattern, steering of an unmeasured layer into prescribed
saturation levels, chaining of such steers, and output-feedback
tracking inside the band. They are stated here in the notation
of the present paper; S is the componentwise sigmoid of
Section II, so that the band constants below (S−1(ω), Lω) are
computable from S. We admit the following results, which
have been proven previously.

A. The auxiliary system

The results below concern one class of systems, of which
every layer of (1) is an instance. Let x ∈ Rn solve

ẋ = Ax+ ϕ(t) +Bu,

A = A0 + Ã, ∥Ã∥ ≤ ε0, ∥ϕ∥∞ ≤ ϕ̄,
(19)

with A0 known Hurwitz, B known invertible and ϕ̄ known.
Let M ≥ 1 and α > 0 satisfy ∥eA0t∥ ≤Me−αt for t ≥ 0, and
write α := α−Mε0, positive under (6). The k-th layer of (1)
is of this form, with ϕ collecting the interconnection terms
and the bias, so that one may take ϕ̄ = W̄

∑qk
j=1

√
nj + h̄,

with qk as in (11).

B. Regression on a prescribed saturation pattern

Given an excitation design E = {(vi, Ji)}i∈J1,NK, where the
Ji are pairwise disjoint bounded intervals with τi := |Ji| > 0,
set

Γ(E) :=
N∑
i=1

τi viv
⊤
i ,

E(z; E) :=
( N∑
i=1

∫
Ji

z(s) v⊤i ds
)
Γ(E)−1.

(20)

Lemma 10. Let E be an excitation design with
rank[v1, . . . , vN ] = n and let z : [0, T ] → Rq satisfy
z(t) = Wvi for all t ∈ Ji and all i. Then Γ(E) is invertible
and E(z; E) = W . If instead rank[v1, . . . , vN ] = r < n,
then replacing Γ(E)−1 by the Moore–Penrose pseudoinverse
Γ(E)+ returns WPV , where V = span{v1, . . . , vN}.

The estimator uses no knowledge of the dynamics and no
state observer; identifiability comes from the saturation itself,
the regressor S(x(·)) being neither measured nor computable.
A recursive least-squares implementation of the same regres-
sion is immediate.

C. Steering into the saturation levels

For a pattern v ∈ {0, 1}n, let Kv be the closed orthant of
Rn carrying that pattern, trimmed at depth R+ 1:

Kv :=
{
x ∈ Rn : (2vi − 1)xi ≥ R+ 1, i ∈ J1, nK

}
, (21)

and let wv ∈ Rn be the vector with entries (wv)i := R+ 1 if
vi = 1 and (wv)i := −(R + 1) otherwise. By (3), S(x) = v
on Kv , since R + 1 > R̄ and −(R + 1) < R. The vector wv

lies in the interior of Kv , at distance R+1 from its boundary,
and its margin in Kv is

δv :=
dist(wv,Rn \Kv)

∥wv∥
=

1√
n
. (22)

Lemma 11 (Steering into a saturation level). Let v ∈ {0, 1}n
and ρ, T0 > 0, set β := (M/α)ε0, β0 := β/(1 − β) and
δ̂v := (δv−β0)/(1+β0), and suppose the smallness condition

β <
δv

1 + δv
, equivalently β0 < δv, (23)
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which holds under (6) for every pattern v and every n ≥ 1. If
T0 > 2α−1 log(M/δ̂v), then for every µ ≥ µ⋆, where

µ⋆ := max

{
1,

R+ 1 +Mρ+ 2Mϕ̄/α(
δ̂v −Me−αT0/2

)
(1− β0)∥wv∥

}
, (24)

the constant control

u ≡ −µB−1A0wv (25)

makes every solution of (19) with ∥x(0)∥ ≤ ρ satisfy

S(x(t)) = v ∀t ≥ T0, ∥x(t)∥ ≤ Rµ ∀t ≥ 0, (26)

where Rµ := µ(1 +M)(1 + β0)∥wv∥+Mρ+ 2Mϕ̄/α.

Lemma 12. Let τd, T0 > 0, let t1 < · · · < tN satisfy
ti+1 − (ti + τd) > T0 for i ∈ J1, N − 1K and t1 > T0,
and let v1, . . . , vN ∈ {0, 1}n. Then there exists a piecewise
constant control, computable from the known data, such that
every solution of (19) with ∥x(0)∥ ≤ ρ satisfies

S(x(t)) = vi ∀t ∈ [ti, ti + τd], ∀i ∈ J1, NK, (27)

together with ∥x(t)∥ ≤ RN on [0, tN + τd], where RN is
obtained from the recursion ρ1 := ρ, ρi+1 := Rµi , each µi

being an amplitude supplied by Lemma 11 for the initial radius
ρi.

D. Tracking and state recovery
Lemma 13. Consider (19) with x not measured and the signal
σ(t) = S(x(t)) available. Let ω ∈ (0, 1/4), let ρ, ε, L > 0,
let 0 < T1 < T2 and let γ ∈ C1,L(R,Ωn

2ω). Define, for ν > 0,

η0(σ; ν, γ, ω) =



ν, σ ≤ 0,

ℓ1(σ; ν, γ), 0 < σ < ω,

−ν
(
S†(σ)− γ

)
, ω ≤ σ ≤ 1− ω,

ℓ2(σ; ν, γ), 1− ω < σ < 1,

−ν, σ ≥ 1,

(28)

where ℓ1 and ℓ2 are affine in σ and make η0 continuous, and
let η0 be its componentwise extension. The output feedback is

u(t) = B−1η0

(
σ(t); ν, γ(t), ω

)
, (29)

and there exists a threshold ν⋆ > 0, computable from the
known data, such that for every ν > ν⋆ every solution of the
closed loop (19), (29) with ∥x(0)∥ ≤ ρ is defined on [0,∞)
and satisfies

x(t) ∈ Ωn
ω ∀t ≥ T1, ∥x(t)−γ(t)∥∞ ≤ ε ∀t ≥ T2. (30)

The first assertion of the lemma keeps the state inside Ωω

from the time T1 on; there the state is recovered from the
measured signal by inversion, S†(S(x)) = x by (4), which is
the state-recovery step of the protocol of Section III.

Both applications are direct. The results require the sat-
uration to take fixed values on coradiant regions, met by a
controllable direction; here the regions are the orthants (21)
and, B being invertible, Im

(
(A0)−1B

)
= Rn meets every

orthant interior. The tracking lemma requires only known
linear-growth bounds on the drift, and the auxiliary sys-
tem (19) satisfies ∥Ax+ϕ(t)∥ ≤ (∥A0∥+ε0)∥x∥+ ϕ̄. Finally,
the steering smallness condition (23) holds under (6): with
β ≤ (M/α)ε0 and ε0 ≤ α/(8M

√
n) from (6), one has

β ≤ 1/(8
√
n) < 1/(

√
n+ 1) = δv/(1 + δv).

V. EXCITATION DESIGN

This section collects the design results that turn the re-
sults of Section IV into a schedule: the uniform bound of
Proposition 16, the measured-state tracking of Lemma 17,
and the differentiator of Proposition 18. The steering into
saturation, the chaining of the saturation windows and the
saturated tracking are Lemmas 11, 12 and 13 of Section IV.

A. The excitation schedule

Recall qk = min(k + 1, p) from (11).

Definition 14. A vector valued function g ∈ C(R,Rq) verifies
the persistent excitation condition (PE) if there exist a, b, τ > 0
such that

a Iq ≼
∫ t

t−τ

g(s)g(s)⊤ds ≼ b Iq (31)

for every t. If there exists U ⊂ Rq such that g ∈ C(R, U), we
write g ∈ PE(U).

Definition 15 (Excitation schedule). Let τ, T, T0, Trel, L >
0 and ω ∈ (0, 1/4), where Trel is the relaxation time (35),
computable from the known data, and let ε > 0 satisfy

ε < min
{
S−1(2ω)−S−1(ω), S−1(1−ω)−S−1(1−2ω)

}
,

(32)
so that staying within ε of a reference in Ω2ω keeps the
state inside Ωω . A schedule consists of times 0 = T (1) <
· · · < T (p+1), of windows as in (12) with tki+1 − tki ≥
τ + T + T0 + Trel, contained in [T (k) + T, T (k+1)], of
references γ(k)1 ∈ C1,L

(
R,Rn1

)
, bounded, whose crossings

of the saturation levels are transversal (finitely many on each
regression window, with |γ̇(k)1,i | ≥ τtv > 0 there) and confined
to Ωn1

2ω for k ≥ 2, and of references γ(k)j ∈ C1,L
(
R,Ωnj

2ω

)
,

j ∈ J2, pK, such that every solution of the closed loop satisfies,
for every k ∈ J1, pK,

(S1) Vj(t) ∈ Ω
nj
ω for every j ∈ J2, kK and every t ≥ T (k);

(S2) ∥Vj − γj∥∞ ≤ ε for every j ∈ J1, kK, and S(Vk+1) = 0,
on [rk, r

′
k];

(S3) S(Vk+1) = ei on [tki , t
k
i +τ+T ], for every i ∈ J1, nk+1K;

and such that the reference regressor is persistently exciting;
here the reference regressor is Ψγ

k under Assumption 7, and
Ψ◦γ

k under Assumption 6 and k ≥ 2, where Ψγ
k and Ψ◦γ

k are
obtained from (13b) and (14) by replacing each V̂j with γ(k)j .
Every constant above is computable from the known data (8)
alone.

Conditions (S1)–(S3) impose the trajectory constraints of
steps (a)–(c). (S1) is the standing invariant of the protocol.
Once a layer has been identified it is kept inside the region
where the saturation is invertible, so that its state remains avail-
able through the chain (10). (S2) excites the identified layers
along known references while switching off the contribution
of layer k + 1; (S3) switches that contribution back on, one
coordinate at a time.
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B. Saturation windows

Proposition 16. Let Assumptions 1–4 hold and let u be
measurable with ∥Bkuk∥ ≤ ū for every k. Then every solution
of (1) with ∥V (0)∥ ≤ ρ is defined on [0,∞) and satisfies

∥Vk(t)∥ ≤ Mke
−αktρ+R∞(ū), ∀t ≥ 0, (33)

for every k ∈ J1, pK, where

R∞(ū) := max
k

Mk

αk

(
W̄

qk∑
j=1

√
nj + h̄+ ū

)
. (34)

In particular the ball of radius R∞(ū) is absorbing, and
R∞(ū) is computable from the known data.

Proof. Since ∥S(Vj(t))∥ ≤ √
nj , the k-th line of (1) is a

linear equation driven by the bounded disturbance ϕk :=∑
j WkjS(Vj) + hk + Bkuk, whose norm obeys the bound

of (34). Variation of constants with (7) gives (33) on the
maximal interval of existence; since its right side stays finite
on every finite interval, no finite escape time exists and
solutions are global.

The saturation windows themselves are realized by Lem-
mas 11 and 12 of Section IV, with the values v = ei,
i ∈ J1, nk+1K.

Between two saturation windows the control of layer k+1
vanishes, and by Proposition 16 the state returns to within
2R∞(0), the radius (34) evaluated with ū = 0, within a
relaxation interval of length

Trel :=
1

αk+1

log
Mk+1Rµ

R∞(0)
, (35)

where Rµ is the state bound of Lemma 11 for a single steering
from the ball of radius 2R∞(0). One single amplitude µ
therefore serves every window, and the state obeys a bound
Rµ independent of the number of windows.

C. Tracking

Two tracking results are needed, and they differ in what
is measured. The first uses the state itself and applies to the
measured layer; it is stated here with its proof. The second
operates on a layer whose state is not measured and of which
only the saturation is observed; it is Lemma 13 of Section IV,
and it is the one that puts (S1) in force and keeps it there.

Lemma 17. Consider (19) with x available, let ε, L, ρ, T1 > 0
and let γ ∈ C1,L(R,Rn) be bounded. There exists µ⋆

tr >
0, depending only on (A0, ε0, ∥B−1∥, ϕ̄, ∥γ∥∞, ρ, T1, ε), such
that for every µtr ≥ µ⋆

tr the state feedback

u = B−1
(
−µtr(x− γ) + γ̇ −A0x

)
(36)

yields, for every solution with ∥x(0)∥ ≤ ρ,

∥x(t)− γ(t)∥∞ ≤ ε ∀t ≥ T1. (37)

Proof of Lemma 17. With e := x−γ, the control (36) cancels
the feedforward γ̇ and closes the loop as ė = −µtre + Ãe +
Ãγ + ϕ, so that, by Grönwall and ∥Ã∥ ≤ ε0,

∥e(t)∥ ≤ e−(µtr−ε0)t
(
ρ+ ∥γ∥∞

)
+
ε0∥γ∥∞ + ϕ̄

µtr − ε0
.

Both terms are made ≤ ε/2 for every t ≥ T1 by any µtr ≥
µ⋆
tr with µ⋆

tr computable from the listed data, and ∥e∥∞ ≤
∥e∥.

Lemma 13 of Section IV applies to a layer whose saturation
is measured and whose state is not: its hypotheses are met
with the known linear-growth bound ∥Ax+ϕ(t)∥ ≤ (∥A0∥+
ε0)∥x∥+ ϕ̄ of the auxiliary system, and its gain threshold ν⋆

is computable from the known data, the gain ν being chosen
above it.

D. Differentiation

The protocol switches its control at finitely many instants
and differentiates a signal across those switches. The differen-
tiator of [28] performs this exactly, with a convergence time
that is tunable at will. We use it in the following form, adapted
from [29]. Consider

ż1 = g1(z1, t)+z2, ż2 = g2(z1, z2, t), y = z1, (38)

with g1 continuous and piecewise C1, and g2 continuous and
piecewise C1 with ∥g2∥ ≤ L2 for a known L2 > 0. The
observer {

˙̂z1 = g1(y, t) + ẑ2 + λ1L⌈y − ẑ1⌋1/2,
˙̂z2 ∈ λ2L

2 sign
(
y − ẑ1

)
,

(39)

with ⌈·⌋1/2 and sign as in the Notation paragraph, has the
following property.

Proposition 18. There exist (λ1, λ2) with λ2 > L2 such that,
for every T > 0 and every ρ > 0, there exists L⋆ > 0 such that
for every L ≥ L⋆, every solution of (38)–(39) with ∥ẑ(t0) −
z(t0)∥ ≤ ρ satisfies

ẑ(t) = z(t) ∀t ≥ t0 + T. (40)

Proof. Between two discontinuities of g2 this is the homoge-
neous second-order sliding-mode observer of [28], [29] with
the weight vector (2, 1, 0). Its convergence time is bounded
by a function of the gains and of the initial error, and by
homogeneity it can be made arbitrarily small by increasing
L; any prescribed settling time T > 0 is achieved by a large
enough L, computable from the data [28].

Applied to (13a), the input of the differentiator is V̂k, and the
known term Bkuk is injected, so that the estimated quantity
is

gk,i :=
(
AkVk + hk +

min(k+1,p)∑
j=1

WkjS(Vj)
)
i
, (41)

which is continuous. Between control switches ġk,i is bounded
by a computable constant L2 (the states and the controls are
uniformly bounded along the protocol, by Proposition 16 and
the amplitude bounds of Lemmas 11, 12 and 13), and at the
switches ġk,i jumps by at most a computable ∆. The input V̂k
itself jumps by at most J̄ := S−1(1−ω)−S−1(ω) at the stage
start T (k), since before it V̂k is clamped at a boundary of Ωω:
the truncated inverse (4) outputs either S−1(ω) or S−1(1−ω)
there. A single settling time T and one pair (λ1, λ2) with
λ2 > L2 therefore serve the whole protocol: the gain L is
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chosen by Proposition 18 for the time T and a radius covering
the initial observer error and the jump bounds max{∆, J̄}, all
computable, and by Remark 19 the differentiator (13a) is exact
on every integration window.
Remark 19 (Switching). The proposition concerns a trajectory
without discontinuities; along the protocol the input of the
differentiator and its derivative jump at the switch instants. A
jump of the input by at most J̄ resets the error of ẑ1 to at most
J̄ , and a jump of its derivative by at most ∆ resets the error of
ẑ2 to at most ∆, so the observer error is at most max{∆, J̄}
after every jump. By the proposition, the same gain L, chosen
for the settling time T and a radius covering max{∆, J̄} and
the initial observer error, reconverges the observer within T ;
it is therefore exact on every interval that starts a time T after
the last jump, and the windows of Definition 15 all lie in such
intervals.
Remark 20 (Well-posedness). The controls of Lemmas 11,
12, 17 and 13 are measurable and piecewise continuous, so
the plant (1) admits global Carathéodory solutions, unique be-
tween consecutive switching instants. Each differentiator (13a)
has a discontinuous right-hand side; its solutions are under-
stood in the sense of Filippov [30], and they are unique and
classical off the sliding surface. The descent map (13g) is
defined and globally Lipschitz at all times, by (4). The closed
loop of Definition 2 is therefore well posed.

VI. NUMERICAL EXPERIMENTS

The protocol of Section III is run on a two-layer instance
p = 2 with n1 = 3 measured and n2 = 2 unmeasured
coordinates, the smallest network on which the three steps
of the protocol all appear. The activation is a clipped logistic

S(x) =
Λ
(
a x

)
− Λ(−a)

Λ(a)− Λ(−a)
, x ∈ (−1, 1), (42)

with a = 5 and Λ(u) = (1 + e−u)−1, extended constantly so
that S(−1) = 0 and S(1) = 1; on (−1, 1) it is smooth with
strictly positive derivative. The linear parts are Hurwitz with
spectrum in [−3.0,−1.8], drawn once at random from the seed
7 of the generating script as perturbations of norm 3 · 10−2

of Hurwitz nominal parts, so that Assumption 1 holds; the
couplings and the biases are drawn once at random with the
same seed in the ranges of the known data (8), with W̄ = 0.8
and h̄ = 0.4. The instance is in the regime of Theorem 4
under Assumption 6. The matrix A1 is unknown and identified,
while the linear part A2 of the unmeasured layer is given to
the protocol. The margin is ω = 0.04, so a coordinate of
an unmeasured layer is recoverable exactly when it lies in
[S−1(0.04), S−1(0.96)] ≃ [−0.61, 0.61].

The measurement is corrupted throughout the run. The
output obeys

y = V1 + d, ∥d∥∞ ≤ d̄, (43)

with d̄ = 3 · 10−4; the noise is a sum of 30 sinusoids
with frequencies spread over [15, 50] rad/s, random amplitudes
bounded by d̄, and random phases (seed 23). It is zero-
mean, with correlation time far below the window lengths,
and every excitation frequency lies below 13 rad/s. The closed

loop (1)–(13) is integrated with a fixed-step RK4 scheme of
step 3 · 10−4 s; the sign functions of (13a) are smoothed at
εsm = 10−4.

The schedule imposed on the unmeasured layer alternates
saturated and invertible regimes. Up to r′1 = 47.5 the mea-
sured layer tracks a sum of three sinusoids at the incom-
mensurate frequencies π

√
11, π

√
13, π

√
17 rad/s while V2 is

held at S(V2) = 0 by the open-loop steering law, and the
regression (13d) over the window [r1 + T, r′1] = [3, 47.5]
delivers (Â1, ĥ1, Ŵ11). The two saturation windows [49, 55.5]
and [58.5, 65] drive S(V2) to e1 and then to e2, and (13f)
returns Ŵ12 over the sub-windows [ti+T, ti+τ +T ], namely
[49.5, 55.5] and [59, 65], with t1 = 49 and t2 = 58.5.
The descent takes place on [t2 + τ + T, T (2)] = [65, 80],
at the end of which V2 has entered Ωω; from then on the
trajectory is driven along the band references with V̂2 = V2
and remains in the band. The regression of the second row
over [r2+T, r′2] = [82.5, 302] finally delivers (ĥ2, Ŵ21, Ŵ22),
and T ∗ = T (3) = 302. Each of these instants is computable
in advance from the known data, as Theorem 4 requires.

Figures 2 and 3 report the identification errors along the
run.
Remark 21 (What the curves show). Nothing in the run is
asymptotic. At each instant t of a window, the plotted value
is the closed-form batch estimator (13d) or (13f) evaluated on
the recorded prefix [rk + T, t]; by Remark 9, it is also the
iterate of a recursive implementation fed with the same data.
Under zero noise, each curve would drop to zero as soon as
its running Gramian becomes invertible and stay there. The
gradual decay in Figures 2 and 3 is the averaging of the noise
over the growing window, not a convergence transient, and the
freeze at the delivery instants is (15) up to the noise floor.

The three blocks of the first row (Figure 2) drop from O(1)
to 3.0 · 10−4, 5.0 · 10−4 and 7.4 · 10−4 within the regression
window and freeze at these values for every t ≥ r′1. The noise
enters the regression only through the differentiator, whose
output is integrated over a window of length 44.5 s, so the
first row is barely affected.

The reconstruction of V2 (Figure 3, top) is where the noise
floor appears. Its envelope falls below 4.2 · 10−2 over the sec-
ond regression window and reaches 1.5·10−2 at the end of the
run. The second-row regression is run on zero-phase-filtered
signals with cutoff 5 rad/s, below the noise band and above the
excitation frequencies 0.25π

√
31, 0.25π

√
37 ≈ 4.4, 4.8 rad/s

of the band references; it removes the out-of-band contribution
of the differentiator without introducing any lag. The batch
estimator is computed at r′2 on recorded data. The row is then
delivered at 2.1 · 10−2, 1.9 · 10−2 and 6.2 · 10−2 for ĥ2, Ŵ21

and Ŵ22.

VII. CONCLUSION

The protocol turns a triangular saturated network into a
sequence of well-posed regressions. Each stage imposes the
saturation pattern that makes its regressor known, fits one
row of unknowns, and descends to the next layer by inverting
the saturation algebraically. Exactness holds at instants com-
putable in advance from the known data, and the dichotomy
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Row 1: running regression

‖ ̂A1−A1‖F
‖ĥ1− h1‖
‖Ŵ11−W11‖F

Figure 2. The first stage under the noise (43). The curves are running batch
estimates, matrices in the Frobenius norm, vectors in the Euclidean norm, of
the three blocks of the first row over the regression window [r1 + T, r′1] =
[3, 47.5].

of Section III says precisely when the linear part of an
unmeasured layer can be recovered along with the rest.

The limitations are as follows. The nominal linear parts must
be known within ε0. Every layer must be actuated through
a known invertible matrix; Section II discusses what this
demands experimentally and what survives without it, and the
steering amplitudes that drive unmeasured layers deep into
saturation are part of the price of exactness. The forward
couplings must be left-invertible; when rankWk,k+1 < nk+1

the descent cannot determine S(Vk+1) beyond the complement
of its kernel, and no row below k is identified as a whole.
One of Assumption 6 and Assumption 7 is needed, and
Proposition 6 shows that the second cannot be weakened
for band-confined, regression-based experiments; the saturated
excursions of a layer do carry information on its linear part
through flow-matching conditions rather than regressions, and
exploiting them is open. The references of Assumption 7 exist
as soon as the activation is not affine on the invertible region
(Remark 1), and the identification time deteriorates continu-
ously as the activation approaches an affine one. Discretization
is not analyzed in this paper. The simulations of Section VI
run a fixed-step scheme with smoothed sign injections, and
their error floors reflect the smoothing and the descent, not a
sampling analysis.

APPENDIX A
PROOF OF THEOREM 4

For k ∈ J1, pK let Hk denote the property

Θ̂k−1 = Θk−1, V̂j(t) = Vj(t) ∀t ≥ T (j), ∀j ≤ k,

Vj(t) ∈ Ωnj
ω ∀t ≥ T (j), ∀j ∈ J2, kK.

(44)

H1 holds, since V̂1 = y = V1, Θ0 is empty, and no layer is yet
confined. We prove Hk ⇒ Hk+1, which is (15). All windows
of stage k are scheduled at least T after T (k), the time after
which the stage-k differentiator is exact following the jump of
its input.

100 150 200 250 300
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m
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|
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−
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T(
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+T
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Reconstruction of V2 from the descent on
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Row 2: running regression on filtered signals

‖ĥ2(t)− h2‖
‖Ŵ21(t)−W21‖F
‖Ŵ22(t)−W22‖F

Figure 3. The second stage under the noise (43). Top: reconstruction error
maxi |V̂

(i)
2 − V

(i)
2 | from the descent on, raw trace light and envelope solid,

on a logarithmic scale. The envelope is the raw trace passed through a zero-
lag low-pass (second-order Butterworth, cutoff 3 rad/s, applied forward then
backward) and is shown for readability only. Dotted lines mark the end of the
descent (time 80) and the delivery r′2 = 302. Bottom: the three blocks of the
second row over [r2 +T, r′2] = [82.5, 302], computed on zero-phase-filtered
signals with cutoff 5 rad/s.

Differentiation. By Hk the differentiator (13a) is driven by
Vk itself, up to the jump of its input at T (k). Its sliding set is
ẑk,1 = Vk, ẑk,2 = V̇k − Bkuk, so that Proposition 18 gives,
on each window of stage k,

ẑk,2 = AkVk + hk +

qk∑
j=1

WkjS(Vj). (45)

The k-th row. On [rk + T, r′k], (S2) gives S(Vk+1) = 0, so
that (45) reduces to

ẑk,2 =
[
Ak | hk |Wk1 | · · · |Wkk

]
Ψk (46)

under Assumption 7, and to

ẑk,2 −AkV̂k =
[
hk |Wk1 | · · · |Wkk

]
Ψ◦

k (47)

under Assumption 6 and k ≥ 2. This is the only place where
the two regimes differ. In both, every entry of the regressor is
the true one, since V̂j = Vj for j ≤ k by Hk; the reference
regressor is persistently exciting by Definition 15 and differs
from the realized one by at most max{1,Lip(S)} ε in the sup
norm by (S2), which preserves excitation for ε small enough, ε
being ours to choose. The Gram matrix Γk of (13c) is therefore
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invertible, and (13d) returns the exact row except its forward
coupling. Under Assumption 7 this includes Âk = Ak, which
is (17).

Residual and forward coupling. With the entries just ob-
tained and V̂j = Vj for j ≤ k, definition (13e) and (45) give
the identity

ϕk(t) =Wk,k+1S
(
Vk+1(t)

)
, (48)

valid at every t at which (45) holds, and in particular
on the windows of (S3), where ϕk = Wk,k+1ei. Since
{e1, . . . , enk+1

} spans Rnk+1 , Lemma 10 applies with the
design E = {(ei, [tki + T, tki + τ + T ])}i and gives Ŵk,k+1 =
Wk,k+1. Hence Θ̂k = Θk.

Descent. By (S1) at rank k + 1, Vk+1(t) ∈ Ω
nk+1
ω for

t ≥ T (k+1). Then Ŵ †
k,k+1ϕk = W †

k,k+1Wk,k+1S(Vk+1) =
S(Vk+1) by Assumption 3 and (48), so that (13g) returns
V̂k+1 = S†(S(Vk+1)) = Vk+1 by (4). This is Hk+1.

A. Realization

It remains to produce a schedule in the sense of Defini-
tion 15 and a control realizing it. Assume Hk and apply, in
this order, the three steps (a)–(c):

(a) Regression. Lemma 17 to layer 1, whose state is mea-
sured, and Lemma 13 to each layer j ∈ J2, kK, whose
saturation S(Vj) = Ŵ †

j−1,jϕj−1 is available by Hk and
by (48) at rank j − 1; the references are γ(k)1 , . . . , γ

(k)
k

and the margin is ε. Layer k+1 is held at S(Vk+1) = 0
by Lemma 11 with v = 0. Layers j > k + 1 require no
action, since they do not enter V̇k at all, and enter V̇k+1

only through Wk+1,k+2S(Vk+2), which is bounded by
W̄

√
nk+2. After a transient this yields (S1) and (S2) on

[rk, r
′
k].

(b) Forward coupling. Lemma 12 on layer k + 1, cycling
S(Vk+1) through e1, . . . , enk+1

with dwell time τd = τ+
T , the feedbacks of (a) still holding layers 1, . . . , k in the
band. This yields (S3). The control of layer k + 1 is the
open-loop law (25) with A0

k+1 and Bk+1 known. Empty
when k = p.

(c) Descent. Lemma 13 to layer k + 1, with measured
signal Ŵ †

k,k+1ϕk, which equals S(Vk+1) by (48), and
disturbance bound

ϕ̄ = W̄

min(k+2,p)∑
j=1

√
nj + h̄; (49)

the gain ν is chosen above the threshold ν⋆ of that lemma,
which, like the smallness condition (23), is computable
from the known data. After a time this brings layer k+1
into Ω

nk+1
ω and keeps it there, which is (S1) at rank k+1.

Omitted when k = p.

The feedbacks of (a) are never switched off. Layer j keeps
the law of Lemma 17 or of Lemma 13 from T (j) onwards,
only its reference γ(k)j changing from one stage to the next.
This is what makes (S1) an invariant of the whole protocol
rather than a property of a single stage, and it is what the
induction hypothesis (44) records.

Each stage begins with a guard interval of length T , during
which no estimator integrates and the differentiator recon-
verges from the jump of its input; the schedule of Definition 15
places every window after it. Between two saturation windows
the control of layer k+1 vanishes, and by Proposition 16 the
state returns to within 2R∞(0) within a relaxation interval of
length Trel (35); one single steering amplitude therefore serves
every window (Section V-B), and the bound on layer k+1 is
uniform in the number of windows. Each of (a)–(c) uses only
the known data (8) and the estimates produced by the earlier
stages, so the resulting control and estimator form a protocol
in the sense of Definition 2. Summing the durations of (a)–(c)
over k gives the total time T ∗, every term of which is explicit
in the known data.

APPENDIX B
PROOF OF THEOREM 5

The proof of Theorem 4 applies unchanged; the only
difference is that the full regressor (13b) replaces the reduced
one (14). On the regression window the row identity (46)
holds with the unknown Ak included in the fitted row, and the
reference regressor is persistently exciting by Definition 15;
the rest of the induction is unchanged.
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