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Abstract. In this work, we propose a method for parameter estimation in highly uncertain5
nonlinear systems in which the measured output is given by the product of an unknown matrix6
with a known saturation function evaluated at the (unknown) state. Estimating parameters here is7
difficult because the dynamics themselves are only partly known. Our approach exploits the structure8
of the saturation itself. Explicit piecewise-constant control inputs drive the system state into regions9
where the saturation output takes predetermined values, without requiring knowledge of the exact10
state or of the underlying dynamics. The resulting signal originates from an unknown function of11
the state, takes known values at specified times, and varies enough over the considered interval to12
identify the unknown parameters. We present a canonical form of dynamical systems for which this13
procedure can be applied. We further extend these results to show output feedback controllability14
under a slightly stronger condition.15
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1. Introduction19

Saturations and other activation functions occur in many controlled systems; in20
neuroscience, they are built into widely used models of brain activity, such as the21
Wilson–Cowan model [10, 11] and Amari neural fields [1].22

All dynamical models depend on parameters whose values influence the behavior23
of the system and its response to controls. Some of them are known from physical24
considerations, but most have to be estimated from indirect measurements via param-25
eter identification [7]. Identification means using measurements of various outputs of26
the system, corresponding to some inputs (or excitation), to deduce an estimate of27
the parameters, the choice of the excitation being an essential part of experiment28
design. When, moreover, the state is not fully observed and the estimation has to29
rely on partial measurements, the problem is called state and parameter estimation30
or adaptive observation.31

These problems have been studied extensively since the foundational work in32
adaptive control and system identification [7, 3]. The standard framework assumes33
either contraction or passivity properties ensuring convergence of the estimation errors34
[7, 3], together with a persistent excitation condition ensuring that the trajectories35
carry enough information for parameter recovery [3]; persistent excitation of the state36
has become the standard sufficient condition for identifiability.37

These assumptions do not hold generally. Many physical systems fail to satisfy38
global contraction or passivity, persistent excitation of unmeasured states is difficult39
to verify, and standard methods require the unknown parameters to multiply either a40
persistent signal, called the regressor, or a state-dependent function assumed persis-41
tently excited through the above-mentioned hypotheses. This is typically the situation42
of high-uncertainty models, such as those of neuroscience, in which only the structure43
is known.44
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In this work, we focus on a class of highly uncertain non-linear systems where45
the dynamics are unknown and where the output contains an unknown matrix to be46
retrieved, applied to the saturation of the state. The unknown parameters multiply47
no known signal, and the classical assumptions for estimation fail [3]. We formalize48
this class of systems in a canonical form which represents the minimal structural49
assumptions under which parameter estimation with these techniques is feasible.50

We build on this structure. Explicit controls steer the system’s state into regions51
where the saturation takes prescribed values at predetermined times. The estimation52
procedure consists of three sequential steps. Linear output parameters are first recov-53
ered through regression on measurable data under a designed control input; the gain54
matrix is then identified by activating different saturation regions and exploiting the55
resulting input-output relationship; state recovery is finally achieved through output56
feedback control combined with algebraic inversion of the saturation function. Each57
step comes with explicit control designs and estimation guarantees.58

2. Main results59

2.1. A general identification result60

In this section we consider a system whose measured output is a linear function61
of the saturated state,62

(2.1)

{
ẋ = f(x, u, t),

y =WS(x),
63

where x ∈ Rn is the state, u ∈ Rm the control, y ∈ Rq the measured output, W ∈ Rq×n64
an unknown constant matrix and S : Rn → Rn a known continuous function. The65
vector field f is unknown; we only assume the regularity needed for the solutions66
to exist and to be absolutely continuous on the time interval under consideration.67
Nothing else about f is used in this section.68

The problem addressed here is the identification of W from the measurement of69
y on a bounded time interval. The unknown parameters multiply the signal S(x(·)),70
which is neither measured nor known and which is produced by a dynamics that is71
itself unknown. Classical regression is therefore not directly available, and neither is72
an observer, since no dissipativity or observability property of f is assumed.73

Remark 2.1. All the results of this work can be extended to hold for74

(2.2) y =WS(x) + h0 +G(y, u, t)⊤θ,75

where h0 ∈ Rq and θ ∈ Rnθ are unknown and G : Rq×Rm×R → Rnθ×q is known. We76
chose to present the results in the simpler form (2.1) to avoid overloading the notation77
and to focus on the main ideas. The generalization is discussed in Remark 2.6.78

The structural feature of S that we exploit is that it takes a fixed known value79
on large parts of the state space. This is what the following definition retains, and it80
is the only property of S used in this section.81

Definition 2.2 (Saturation function). A continuous function S : Rn → Rn is82
a saturation function if there exist a family of closed sets Σi ⊂ Rn with nonempty83
interior, i in some index set I, and vectors vi ∈ Rn, such that84

(2.3) S(x) = vi, ∀x ∈ Σi, ∀i ∈ I.85

The set Σi is a saturation region of S and vi is its saturation value.86
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Nothing is required of S outside the saturation regions, and no relation is im-87
posed between the regions themselves. The value vi is known even though the state88
producing it is not.89

We now state the property on which the identification rests. It involves a trajec-90
tory, a finite collection of values and a finite collection of time intervals, and it does91
not involve the dynamics.92

Definition 2.3 (Saturation-excitation condition). An excitation design is a93
collection E = {(vi, Ji) | i = 1, . . . , N} where the Ji ⊂ R are pairwise disjoint closed94
intervals of positive length and the vectors vi ∈ Rn satisfy95

(2.4) rank [v1, . . . , vN ] = n.96

Let T > 0. An excitation design is said to be realizable in time T if Ji ⊂ [0, T ]97
for all i and minJ1 > 0.98

An absolutely continuous trajectory x : [0, T ] → Rn is a realization of E if Ji ⊂99
[0, T ] for every i and100

(2.5) S(x(t)) = vi for all t ∈ Ji and all i ∈ J1, NK.101

We say that x is saturation-exciting if it realizes an excitation design.102

Condition (2.5) constrains only the value that S takes along the trajectory. In103
practice, one has x(t) enter the region Σi on which S equals vi and stay there during104
Ji, the design being fixed beforehand, independently of the solution. The trajectory105
itself need not be known; what matters is which values are produced and on which106
intervals. Subsection 2.2 provides sufficient conditions, on the data of the problem107
and on the control, under which every solution issued from a given ball realizes a108
prescribed design, uniformly with respect to the unknown part of the system.109

One necessary condition can be read on the output. Under (2.5) the output verifies110
y ≡Wvi on Ji, and is therefore constant on each Ji even though W is unknown. The111
converse fails, since a trajectory may be at rest without being saturated.112

Given an excitation design E , write τi := |Ji| for the length of the i-th interval113
and define the excitation Gramian and the estimator114
(2.6)

Γ(E) :=
N∑
i=1

τi viv
⊤
i ∈ Rn×n, E(y; E) :=

(
N∑
i=1

∫
Ji

y(s) v⊤i ds

)
Γ(E)−1 ∈ Rq×n.115

Theorem 2.4. Let E be an excitation design and let (x, u, y) be a solution of (2.1)116
on [0, T ] whose state realizes E. Then Γ(E) is invertible and117

(2.7) E(y; E) =W.118

Proof. Let V := [v1, . . . , vN ] ∈ Rn×N and D := diag(τ1, . . . , τN ), so that Γ(E) =119
V DV ⊤. For z ∈ Rn we have z⊤Γ(E)z =

∑
i τi(v

⊤
i z)

2, which vanishes only if z is120
orthogonal to every vi, hence only if z = 0 by (2.4). Thus Γ(E) is positive definite.121

By (2.5) the output verifies y(t) =WS(x(t)) =Wvi for every t ∈ Ji. Therefore122

(2.8)
N∑
i=1

∫
Ji

y(s)v⊤i ds =

N∑
i=1

τiWviv
⊤
i =W Γ(E),123

and multiplying on the right by Γ(E)−1 gives the result.124

The estimator uses no knowledge of f and no state observer, and it requires no125
rank assumption on W . Identifiability comes from the saturation itself, not from the126
output matrix. A recursive least-squares implementation of the same regression [7] is127
immediate.128
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Remark 2.5 (Designs of insufficient rank, and output dimension). Two relax-129
ations of the hypotheses of Theorem 2.4 are worth recording. First, suppose the130
values of the design span only a proper subspace V := span{v1, . . . , vN} of Rn, so131
that (2.4) fails, because S takes fewer than n independent values, or because the val-132
ues the dynamics can be made to produce do not span. The Gramian Γ(E) is then133
singular with range V , but the data still determine part of W . Writing Γ(E)+ for134
the Moore–Penrose pseudoinverse and PV for the orthogonal projector onto V , the135
computation of the proof is unchanged up to its last line and gives136

(2.9)

(
N∑
i=1

∫
Ji

y(s) v⊤i ds

)
Γ(E)+ = W Γ(E) Γ(E)+ = WPV ,137

since Γ(E) is symmetric with range V , so that the restriction of W to V is recovered138
exactly. Second, the equality of the source and target dimensions of S is not used in139
the proof. If S : Rn → Rd and W ∈ Rq×d, it suffices that the saturation values of the140
visited regions span Rd, hence that N ≥ d. This covers in particular the case where141
the saturation affects only part of the coordinates.142

Remark 2.6 (Bias and linearly parametrized terms). Consider the more general143
output144

(2.10) y =WS(x) + h0 +G(y, u, t)⊤θ,145

where h0 ∈ Rq and θ ∈ Rnθ are unknown and G : Rq × Rm × R → Rnθ×q is known.146
Suppose that, besides the design E , the trajectory visits during an interval J0 preced-147
ing J1 a region on which S vanishes, that is S(x(t)) = 0 for t ∈ J0. On J0 the output148
reduces to y = Φζ, with augmented regressor Φ := [ Iq G(y, u, ·)⊤] ∈ Rq×(q+nθ) and149
ζ := (h0, θ) ∈ Rq+nθ , a regression which is linear in the unknowns and which the150
least-squares estimator151

(2.11) E0(y) :=

(∫
J0

Φ(s)⊤Φ(s) ds

)−1 ∫
J0

Φ(s)⊤y(s) ds152

inverts exactly as soon as the Gramian
∫
J0

Φ⊤Φ ds ∈ R(q+nθ)×(q+nθ) is invertible.153
That requirement, unlike the persistent excitation of the classical theory, bears on154
a regressor which is entirely available, G being known and y and u measured, and155
can therefore be tested on the recorded data. Applying then Theorem 2.4 to ỹ :=156
y − h0 − G(y, u, ·)⊤θ on J1, . . . , JN returns W . The two stages are sequential and157
acyclic—the second uses the output of the first, the first uses nothing of W—and158
their only additional requirement is one more region, the one carrying the value 0,159
which in the component-wise case means that the set where S vanishes has to be160
reachable.161

Remark 2.7. The design E plays the role that the persistent excitation of the162
regressor plays in the classical theory, and the Gramian Γ(E) that of the regressor163
Gramian. The difference is that here the regressor S(x(·)) is neither measured nor164
computable, so no condition bearing on it could be checked; conditions weaker than165
persistence, such as excitation on a finite interval [6], initial excitation [8], concurrent166
learning [4] or dynamic regressor extension [2], bear on the regressor as well and are167
of no help for that reason. What Definition 2.3 requires instead is that the regressor168
take N prescribed values, and the saturation is what makes those values known in169
advance. The excitation is designed rather than assumed.170
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2.2. Structural conditions and input design achieving saturation exci-171
tation172

Theorem 2.4 is of use only if (2.5) can be produced. We now specify the dynamics173
and give conditions under which an explicit control forces it. Let us consider the174
following realization of (2.1).175

(2.12)

{
ẋ = Ax+ ϕ(x, u, t) +Bu,

y =WS(x).
176

Here, we assume that A is Hurwitz, that ϕ is continuous, and that there exists ϕ̄ > 0177
such that ∥ϕ∥ ≤ ϕ̄. The matrix B ∈ Rn×m is known.178

Three information structures are covered, and they differ only in what is known of179
the linear part, namely A fully known, a Hurwitz part A0 known with the remainder180
small, or A0 a multiple of the identity.181

The regions in which the state has to be brought are required to be unbounded182
in a controllable direction, which is what the following assumption expresses.183

Assumption 2.8 (Coradiant saturation). The function S : Rn → Rn is contin-184
uous. There exist n closed coradiant sets1 K1, . . . ,Kn ⊂ Rn with non-empty interior,185
linearly independent vectors v1, . . . , vn ∈ Rn, and R > 0 such that186

(2.13) S(x) = vi, ∀x ∈ Ki, ∥x∥ ≥ R, i = 1, . . . , n.187

Remark 2.9 (Classical saturations). The component-wise saturation is the model188
case. Let S(x) = (S0(x1), . . . , S0(xn))

⊤ with S0 : R → R nondecreasing, S0 = 0 on189
(−∞, R] and S0 = 1 on [R̄,+∞), put R := max{|R|, |R̄|} and, for a sign pattern190
s ∈ {0, 1}n, let Os be the closed orthant carrying that pattern and191

(2.14) Ks :=
{
x ∈ Os : |xj | ≥ R, j ∈ J1, nK

}
.192

This set is closed, has nonempty interior, and is coradiant, since multiplying by λ ≥ 1193
preserves both the signs and the inequalities |xj | ≥ R; and S = s on the whole of Ks,194
because sj = 1 forces xj ≥ R ≥ R̄ and sj = 0 forces xj ≤ −R ≤ R. Assumption 2.8195
therefore holds with n such sets and with vi ∈ {0, 1}n, provided the corresponding196
patterns are linearly independent.197

For b ∈ Im(B) and a Hurwitz A, a constant control Bu = µb drives the state198
towards the steady state −µA−1b. It is therefore the image of Im(B) under −A−1,199
and not the image of B itself, which has to meet the regions. We have the following.200

Theorem 2.10. Let Assumption 2.8 hold, let A be Hurwitz, and let ϕ̄ > 0 be such201
that ∥ϕ∥ ≤ ϕ̄. Assume that202

(2.15) Im(A−1B) ∩ K̊i ̸= ∅ ∀i ∈ {1, . . . , n}203

Then there exists T ∗ ≥ 0 such that for any ρ > 0 and any T > T ∗ there exist an204
excitation design E realizable in time T , and a control u : [0, T ] → Rm, such that any205
associated solution x of (2.12) with x(0) ∈ B(0, ρ) realizes E.206

The above theorem requires the knowledge of A. If this is not completely known207
we can still say something, as follows.208

Theorem 2.11. Let Assumption 2.8 hold, let A = A0+A1 with A0 Hurwitz, and209
let ϕ̄ > 0 be such that ∥ϕ∥ ≤ ϕ̄. Assume that ∥A1∥ ≤ ε0, where ε0 > 0 depends only210

1Recall that a set K ⊂ Rn is coradiant if λx ∈ K for all x ∈ K and λ ≥ 1.
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on A0, B and K1, . . . ,Kn and is given by (3.50), and that211

Im(A−1
0 B) ∩ K̊i ̸= ∅ ∀i ∈ {1, . . . , n}212

Then there exists T ∗ > 0 such that for any ρ > 0 and any T > T ∗ there exist an213
excitation design E realizable in time T , and a control u : [0, T ] → Rm, computed214
from A0, B, K1, . . . ,Kn, ϕ̄, ρ, T and the bound ε0 alone, such that any associated215
solution x of (2.12) with x(0) ∈ B(0, ρ) realizes E.216

Under additional assumptions on the unperturbed part A0, we can actually do217
everything in arbitrary time.218

Theorem 2.12. Under the assumptions of Theorem 2.11, assume that either219
i. A1 = 0 and the pair (A0, B) is controllable;220
ii. A0 = −λ Id for some λ > 0.221

Then T ∗ = 0. For any ρ > 0 and any T > 0 there exist an excitation design E222
realizable in time T and a control u : [0, T ] → Rm, computed from the same data,223
such that any associated solution x of (2.12) with x(0) ∈ B(0, ρ) realizes E.224

The time T ∗ of Theorems 2.10 and 2.11 is the total duration of the transients that225
bring the state into the successive regions; the dwell times spent inside them may be226
taken arbitrarily short, since they are part of the design and not of the dynamics.227

2.3. Recovering the state via output feedback control228

Once W has been identified, the output carries information about the state on229
the part of the space where S has not saturated. This suggests the control problem230
complementary to the previous one. Instead of steering the state into the saturation231
regions, keep it out of them. Doing so, and reading the state off the output afterwards,232
needs more of S than Assumption 2.8 provides, since that assumption says nothing233
outside the saturation regions. What is needed is that the output be, after a known234
change of variables, a component-wise saturation of the state.235

Assumption 2.13 (Component-wise invertible output). There exist a matrix236
H ∈ Rn×q, levels R < R̄ and a continuous nondecreasing S0 : R → [0, 1], equal to 0237
on (−∞, R], equal to 1 on [R̄,+∞) and strictly increasing on [R, R̄], such that238

(2.16) HW S(x) = S1(x) :=
(
S0(x1), . . . , S0(xn)

)⊤
, ∀x ∈ Rn.239

The signalHy = S1(x) is then computable from the output, and it is a component-240
wise saturation of the state, on which the scalar feedback used below can act coordi-241
nate by coordinate. We write242

(2.17) Ω := [R, R̄]n243

for the region on which S1 has not saturated; there S0 is strictly increasing, hence244
invertible, and that is the only invertibility the recovery uses.245

Remark 2.14. The model case is S itself component-wise, as in Remark 2.9, to-246
gether with rankW = n. Then W admits a left inverse W † and H =W † gives (2.16)247
with S1 = S. More generally, if S = PS1 for a known invertible P ∈ Rn×n and a248
component-wise S1, one takes H = P−1W †. Conversely (2.16) forces rankW = n,249
hence q ≥ n, since the values of S1 span Rn, so that HW is onto and rankW ≥ n.250
Note that the identification of W by Theorem 2.4 required no rank assumption at all;251
the rank enters only when the state itself is to be recovered.252

Theorem 2.15. Assume that B is invertible, that W is known, that Assump-253
tion 2.13 holds, and that upper bounds on ∥A∥ and on ϕ̄ are known. Let ρ > 0 and254
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ε > 0, let 0 < T1 < T2, and let γ be a C1 curve with bounded derivative taking255
its values in a compact subset of Ω̊. Then there exists k⋆ > 0 such that, for every256
k > k⋆, every solution of (2.12) under the control u(t) = η(y(t), γ(t)) of (4.3) with257
x(0) ∈ B(0, ρ) is global in time and satisfies258

(2.18) x(t) ∈ Ω̊ ∀t ≥ T1, ∥x(t)− γ(t)∥ ≤ ε ∀t ≥ T2.259

The reference γ may be taken constant. The first assertion brings the state out260
of the saturation regions and keeps it out from a prescribed time on; the second261
additionally tracks any reference inside the unsaturated region, where the output262
determines the state.263

Corollary 2.16 (State recovery). Under the assumptions of Theorem 2.15, the264
restriction of S1 to Ω is a homeomorphism onto [0, 1]n, and for every t ≥ T1265

(2.19) xj(t) = S−1
0

((
Hy(t)

)
j

)
, j ∈ J1, nK.266

The three results compose under the additional assumptions of Theorem 2.15 (B267
invertible and Assumption 2.13 in force). Theorem 2.11 produces a design E realizable268
in time T and a trajectory realizing it, Theorem 2.4 applied to that same E reads W269
off the corresponding output, and the feedback of Theorem 2.15 then brings the state270
into the unsaturated region, where (2.19) returns it, or tracks a prescribed reference271
inside that region.272

3. Technical lemmas and proofs273

Theorems 2.10, 2.11 and 2.12 are proved by the same construction. The design E274
is ours to choose, and we take for its vectors the v1, . . . , vn of Assumption 2.8, which275
are linearly independent and therefore satisfy (2.4). By (2.13), realizing such a design276
amounts to bringing the state into K1 and holding it there, far enough from the origin,277
during the interval J1, then into K2 during J2, and so on up to Kn. Two ingredients278
are needed. The first is a control that brings the state into one prescribed region and279
keeps it there; the second is a way of chaining n such controls.280

Subsections 3.1 and 3.2 prepare the first ingredient, by measuring how much281
room a coradiant region leaves around a given direction and by writing the trajectory282
produced by a constant control. Subsection 3.3 then solves the one-region problem for283
the three information structures of Subsection 2.2, in four cases, corresponding to A284
known (Lemma 3.6), A known with (A,B) controllable (Lemma 3.7), A0 known and285
∥A1∥ small (Lemma 3.8), and A0 a negative multiple of the identity with ∥A1∥ small286
(Lemma 3.9). The first and third leave a transient to be waited out, the second and287
fourth work in arbitrary time. Subsection 3.4 chains the steps, and Subsection 3.5288
proves the theorems. Theorem 2.15 and Corollary 2.16 are proved in Section 4.289

3.1. Geometry of coradiant regions290

Throughout, M ≥ 1 and α > 0 denote constants with291

(3.1) ∥eAt∥ ≤Me−αt, t ≥ 0,292

which exist because A is Hurwitz. When the decomposition A = A0 + A1 of The-293
orems 2.11 and 2.12 is in force, M0 and α0 denote the analogous constants for A0.294
Integrating (3.1) over [0,+∞) gives ∥A−1∥ ≤M/α, and likewise ∥A−1

0 ∥ ≤M0/α0.295
Solutions of (2.12) exist for the bounded measurable controls used below, are296

absolutely continuous, and are global as soon as they are bounded. Once a solution297
x and a control u are fixed we abbreviate ϕ(s) := ϕ(x(s), u(s), s), bounded by ϕ̄.298
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Uniqueness is neither assumed nor used. Every conclusion below holds for every299
solution issued from the prescribed set of initial states.300

Definition 3.1 (Margin). Let K ⊂ Rn be closed and coradiant with nonempty301
interior, and let v ∈ K̊, v ̸= 0. The margin of v in K is302

(3.2) δK(v) := min

{
1,

dist(v,Rn \K)

∥v∥

}
∈ (0, 1].303

The margin measures the distance from v to the boundary of K, relative to ∥v∥.304
On a convex cone it is the sine of the angle from v to the nearest face; on an orthant,305
and for v in its interior, it is minj |vj |/∥v∥.306

Proposition 3.2 (Stable scaling of coradiant sets). Let K ⊂ Rn be closed and307
coradiant with nonempty interior, let v ∈ K̊ with v ̸= 0 and set δ := δK(v) ∈ (0, 1].308
Then for every µ ≥ 1 and every r ∈ Rn,309

(3.3) dist
(
µv + r, Rn \K

)
≥ µδ∥v∥ − ∥r∥.310

In particular, µv + r ∈ K whenever ∥r∥ ≤ µδ∥v∥, and ∥µv + r∥ ≥ µ∥v∥ − ∥r∥.311

Proof. By definition of δ we have B(v, δ∥v∥) ⊂ K; scaling a ball scales its cen-312
tre and its radius, and coradiancy gives µK ⊂ K for µ ≥ 1, so B(µv, µδ∥v∥) =313
µB(v, δ∥v∥) ⊂ K. If ∥r∥ ≤ µδ∥v∥ then µv + r lies in that ball, hence in K; the314
distance estimate (3.3) then follows by the triangle inequality applied at µv, and the315
norm bound is the reverse triangle inequality.316

The four steering lemmas of Subsection 3.3 produce trajectories of the same shape,317
a designed term along a direction w ∈ K̊ scaled by the amplitude µ, plus a residual.318
A single comparison, Lemma 3.3, concludes all four cases. In it, c1 measures the part319
of the residual that grows with µ, and c2 the part that does not.320

Lemma 3.3 (Margin beats residual). Let K ⊂ Rn be closed and coradiant with321
nonempty interior, let w ∈ K̊ with w ̸= 0 and let δ ∈ (0, δK(w)]. Let T ≥ 0 and let322
x, β and ϱ satisfy323
(3.4)
x(t) = µβ(t)w + ϱ(t), β(t) ≥ β0, ∥ϱ(t)∥ ≤ µβ(t) c1∥w∥+ c2, ∀t ≥ T,324

for some constants β0 > 0, c1 ∈ [0, δ) and c2 ≥ 0 and some amplitude µ > 0 with325
µβ0 ≥ 1. If326

(3.5) µβ0 (δ − c1) ∥w∥ ≥ R+ c2,327

then328

(3.6) x(t) ∈ K and ∥x(t)∥ ≥ R, ∀t ≥ T.329

Proof. Fix t ≥ T . Since µβ(t) ≥ µβ0 ≥ 1, Proposition 3.2 applies to µβ(t)w and330
gives dist(µβ(t)w,Rn \K) ≥ µβ(t)δK(w)∥w∥ ≥ µβ(t)δ∥w∥. Subtracting the residual331
and using β(t) ≥ β0 and δ > c1,332

(3.7) µβ(t)δ∥w∥−∥ϱ(t)∥ ≥ µβ(t)(δ−c1)∥w∥−c2 ≥ µβ0(δ−c1)∥w∥−c2 ≥ R > 0.333

In particular ∥ϱ(t)∥ ≤ µβ(t)δ∥w∥, so Proposition 3.2, applied with v = w, the334
amplitude µβ(t) and r = ϱ(t), gives x(t) ∈ K. Its norm bound and (3.7) give335
∥x(t)∥ ≥ µβ(t)∥w∥ − ∥ϱ(t)∥ ≥ µβ(t)δ∥w∥ − ∥ϱ(t)∥ ≥ R, since δ ≤ 1.336

Figure 3.1 shows the comparison in the plane.337
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K

µδ∥w∥

µw

ϱ
x

large margin,
the room absorbs ϱ

K

µδ∥w∥

µw ϱ
x

small margin,
the same ϱ leaves K

x = µw + ϱ

Figure 3.1. The shape (3.4), drawn with β ≡ 1. The set K contains the ball of radius µδ∥w∥
centred at µw (dashed). On the left the margin absorbs the residual; on the right, the same ϱ leaves
K.

3.2. Trajectories under constant controls338

The trajectories themselves are obtained from Duhamel’s formula. For a solution339
of (2.12),340

(3.8) x(t) = eAtx(0) +

∫ t

0

eA(t−s)
[
ϕ(s) +Bu(s)

]
ds, t ≥ 0.341

Fix an input direction b ∈ Im(B) and take the constant control Bu ≡ µb with µ > 0.342

Since
∫ t

0
eA(t−s)ds = A−1(eAt− Id), that control contributes µ(eAt− Id)A−1b to (3.8),343

and grouping the constant part of this with the first term gives344

(3.9) x(t) = −µA−1b︸ ︷︷ ︸
equilibrium

+ eAt
(
x(0) + µA−1b

)︸ ︷︷ ︸
r1(t)

+

∫ t

0

eA(t−s)ϕ(s) ds︸ ︷︷ ︸
r2(t)

,345

where, for ∥x(0)∥ ≤ ρ and by (3.1) and ∥ϕ∥ ≤ ϕ̄,346

(3.10) ∥r1(t)∥ ≤ Me−αt
(
ρ+ µ∥A−1b∥

)
, ∥r2(t)∥ ≤ Mϕ̄

α
, t ≥ 0.347

The amplitude scales the equilibrium and the transient r1, but not r2. Regrouping348
instead the two terms of (3.9) that carry µ,349

(3.11) x(t) = µ
(
Id−eAt

)(
−A−1b

)
+ eAtx(0) +

∫ t

0

eA(t−s)ϕ(s) ds350

puts the whole dependence on the amplitude in the curve t 7→ (Id−eAt)(−A−1b). We351
use the first form when the transient is waited out and the second when it is not. In352
either case (3.10) gives the uniform bound353

(3.12) ∥x(t)∥ ≤ Rµ := µ(1 +M)
∥∥A−1b

∥∥+Mρ+
Mϕ̄

α
, t ≥ 0.354

3.3. Steering into one region355

Each lemma of this subsection establishes the property below. The radius R is356
the one of Assumption 2.8.357
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Definition 3.4 (Steering into a region). Let K ⊂ Rn be closed and coradiant358
with nonempty interior and let T > 0. We say that (2.12) can be steered into K359
in time T if for every ρ > 0 and every initial time t0 ≥ 0 there exist a bounded360
measurable control u : [t0,+∞) → Rm and a radius ρ′ ≥ ρ, neither of them depending361
on the solution, such that every solution of (2.12) with ∥x(t0)∥ ≤ ρ satisfies362

(3.13) x(t) ∈ K and ∥x(t)∥ ≥ R ∀t ≥ t0 + T, ∥x(t)∥ ≤ ρ′ ∀t ≥ t0.363

The order of the quantifiers matters. The time T is fixed before the radius ρ, so364
the same T serves every initial ball, and only the control and the radius ρ′ depend on365
ρ.366

Under Assumption 2.8 and for K = Ki, (2.13) turns (3.13) into S(x(t)) = vi for367
every t ≥ t0+T , which is what (2.5) prescribes on Ji. The radius ρ′ bounds the state368
at the end of the step and lets the regions be visited one after the other. The lemmas369
below are all stated with t0 = 0. The same construction applies verbatim from any370
initial time, because ϕ enters (2.12) only through the time-uniform bound ∥ϕ∥ ≤ ϕ̄371
and the controls produced are constant or built from eAt.372

All the constants below depend on the equilibrium w only through its margin in373
the region, so we first record the largest margin available in a region. For a Hurwitz374
matrix A′ set375

(3.14) δ∗K(A′) := sup
{
δK(w) : w ∈ Im(A′−1B) ∩ K̊

}
∈ [0, 1],376

with the convention sup∅ = 0, so that δ∗K(A′) > 0 is equivalent to Im(A′−1B)∩ K̊ ̸=377
∅. Every margin below δ∗K(A′) is achieved by some admissible direction. Indeed, for378

δ < δ∗K(A′) there is b ∈ Im(B) with w = −A′−1b ∈ K̊ and δK(w) > δ.379
Each lemma below is stated for a fixed direction and its own margin δK(w), and380

the theorems of Subsection 3.5 take that margin close to δ∗K .381

Remark 3.5. The supremum in (3.14) is in general not a maximum, and closed-382
ness of K does not help. By Proposition 3.2 applied with r = 0, the margin δK is383
nondecreasing along each ray, while the competitors are unbounded, so the best of384
them escape to infinity. For the component-wise saturations of Remark 2.9 the margin385
increases strictly along each ray, towards the limit minj |wj |/∥w∥, which is therefore386
never attained.387

Lemma 3.6 (Steering, known linear part). Let A be Hurwitz, let K ⊂ Rn be388
closed and coradiant with nonempty interior, and let b ∈ Im(B) be such that389

(3.15) w := −A−1b ∈ Im(A−1B) ∩ K̊.390

Set δ := δK(w). Then (2.12) can be steered into K in every time391

(3.16) T > Tmin :=
1

α
ln
M

δ
.392

Precisely, for every ρ > 0 and every393

(3.17) µ ≥ max

{
1,

R+Mρ+Mϕ̄/α(
δ −Me−αT

)
∥w∥

}
,394

the constant control Bu ≡ µb drives every solution of (2.12) with x(0) ∈ B(0, ρ) so395
that396

(3.18) x(t) ∈ K and ∥x(t)∥ ≥ R ∀t ≥ T,397

and ∥x(t)∥ ≤ Rµ for every t ≥ 0.398
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Proof. Since b ∈ Im(B) the constant controlBu ≡ µb is admissible, and Duhamel’s399

formula (3.8) together with
∫ t

0
eA(t−s)ds = A−1(eAt − Id) gives, as in (3.9),400

(3.19) x(t) = µw + ϱ(t), ϱ(t) := eAt
(
x(0)− µw

)
+

∫ t

0

eA(t−s)ϕ(s) ds, t ≥ 0.401

By (3.10) and Me−αtρ ≤Mρ, for t ≥ T ,402

(3.20) ∥ϱ(t)∥ ≤ µMe−αT ∥w∥︸ ︷︷ ︸
grows with µ

+Mρ+
Mϕ̄

α︸ ︷︷ ︸
does not

.403

This is (3.4) with β ≡ β0 = 1, c1 = Me−αT and c2 = Mρ +Mϕ̄/α. The condition404
T > Tmin of (3.16) is exactly c1 < δ, and (3.17) is exactly (3.5), so Lemma 3.3 gives405
(3.18). The bound ∥x(t)∥ ≤ Rµ on [0,+∞) is (3.12), and Rµ ≥ Mρ ≥ ρ, so (3.13)406
holds with ρ′ = Rµ.407

The minimal time reflects the first term of (3.20). Transient and margin grow408
alike with µ, so no amplitude shortens the wait, whereas against the µ-free second409
term the amplitude is effective.410

That transient can be removed when the pair (A,B) is controllable. Recall that411
the controllability Gramian412

(3.21) G(T ) :=
∫ T

0

eAsBB⊤eA
⊤s ds413

is then positive definite for every T > 0, and that for any target v ∈ Rn the control414

u(t) = B⊤eA
⊤(T−t)G(T )−1v satisfies

∫ T

0
eA(T−s)Bu(s) ds = v, see [9, 5]. Given an415

amplitude µ > 0 and a direction b with equilibrium w = −A−1b, we steer to µw at416
time T and hold the state there, using417

(3.22) u(t) =

{
µB⊤eA

⊤(T−t)G(T )−1w, t ∈ [0, T ),

ub, t ≥ T,
418

where ub ∈ Rm is any vector with Bub = µb.419

Lemma 3.7 (Steering in arbitrary time, controllable case). Let A be Hurwitz420
with (A,B) controllable, let K ⊂ Rn be closed and coradiant with nonempty interior,421
and let b ∈ Im(B) be such that w := −A−1b ∈ K̊. Set δ := δK(w). Then (2.12) can422
be steered into K in every time T > 0. For every ρ > 0 and every423

(3.23) µ ≥ max

{
1,

R+ (1 +M)
(
Mρ+Mϕ̄/α

)
δ ∥w∥

}
,424

the control (3.22) drives every solution of (2.12) with x(0) ∈ B(0, ρ) so that425

(3.24) x(t) ∈ K and ∥x(t)∥ ≥ R ∀t ≥ T,426

and ∥x(t)∥ ≤ ρ′ for every t ≥ 0, where427
(3.25)

ρ′ := µ
(
1+cB(T )

)
∥w∥+(1+M)

(
Mρ+

Mϕ̄

α

)
, cB(T ) := sup

0≤t≤T

∥∥∥∥∫ t

0

eA(t−s)BB⊤eA
⊤(T−s)ds G(T )−1

∥∥∥∥ .428

Proof. The open-loop part of (3.22) places the state at µw at time T , up to429

the contributions of the initial condition and of ϕ.
∫ T

0
eA(T−s)Bu(s) ds = µw gives430

∥x(T ) − µw∥ ≤ Mρ + Mϕ̄/α by Duhamel’s formula (3.8) at t = T . On [T,+∞)431
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the control is the constant Bu ≡ µb, so Duhamel’s formula run from the initial time432
T and the initial state x(T ), regrouped as in (3.19), gives x(t) = µw + ϱ(t) with433

ϱ(t) = eA(t−T )(x(T )− µw) +
∫ t

T
eA(t−s)ϕ(s) ds, whence434

(3.26) ∥ϱ(t)∥ ≤ (1 +M)

(
Mρ+

Mϕ̄

α

)
, t ≥ T.435

This is (3.4) with β ≡ β0 = 1, c1 = 0 and c2 the right-hand side of (3.26), and (3.23)436
is then exactly (3.5), so Lemma 3.3 gives (3.24). As for the state bound, on [0, T ]437
Duhamel’s formula and (3.22) give ∥x(t)∥ ≤Mρ+Mϕ̄/α+µcB(T )∥w∥, where cB(T ),438
defined in (3.25), is finite, while on [T,+∞) we have ∥x(t)∥ ≤ µ∥w∥ + ∥ϱ(t)∥. Both439
are at most ρ′.440

Because the target is reached exactly at T , the residual (3.26) carries no term441
growing with µ, and the minimal time disappears; what grows as T decreases is the442
control effort, through G(T )−1.443

We turn to the case where only a part A0 of the linear dynamics is known, the444
control being built from A0 while the equilibrium it reaches, −A−1b, involves the445
unknown part. Write446

(3.27) p :=
∥∥A−1

0 A1

∥∥ ≤ M0

α0
∥A1∥, ϑ :=

p

1− p
(p < 1),447

so that ϑ measures, relative to ∥A−1
0 b∥, how far A1 can move that equilibrium. One448

comparison governs the case. The displacement ϑ must be shorter than the margin of449
the nominal direction. The counterpart of the state bound (3.12), computable from450
A0, B and b alone, is451

(3.28) R0
µ := µ(1 +M0)(1 + ϑ)

∥∥A−1
0 b
∥∥+M0ρ+

2M0ϕ̄

α0
.452

Lemma 3.8 (Steering, partially known linear part). Let A0 be Hurwitz with453
constants M0, α0 as in (3.1), let K ⊂ Rn be closed and coradiant with nonempty454
interior, and let b ∈ Im(B) be such that w0 := −A−1

0 b ∈ K̊. Set δ0 := δK(w0) and455
assume456

(3.29) ∥A1∥ <
α0

M0
· δ0
1 + δ0

, equivalently, by (3.27), ϑ < δ0.457

Then A = A0 +A1 is Hurwitz and, writing458

(3.30) δ̂0 :=
δ0 − ϑ

1 + ϑ
∈ (0, 1], T 0

min :=
2

α0
ln
M0

δ̂0
,459

the system (2.12) can be steered into K in every time T > T 0
min. Namely, for every460

ρ > 0 and every461

(3.31) µ ≥ max

{
1,

R+M0ρ+ 2M0ϕ̄/α0(
δ̂0 −M0e−α0T/2

)
(1− ϑ)∥w0∥

}
,462

the constant control Bu ≡ µb drives every solution of (2.12) with x(0) ∈ B(0, ρ) so463
that464

(3.32) x(t) ∈ K and ∥x(t)∥ ≥ R ∀t ≥ T,465

and ∥x(t)∥ ≤ R0
µ for every t ≥ 0.466
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Proof. Step 1: where the equilibrium goes. Write P := A−1
0 A1, so that A =467

A0(Id+P ) with ∥P∥ = p. By (3.29) and δ0 ≤ 1 we have p < δ0/(1 + δ0) ≤ 1/2,468
so the Neumann series inverts Id+P , hence A, and the equilibrium w := −A−1b is469
(Id+P )−1w0, with470

(3.33) ∥w − w0∥ =
∥∥(Id+P )−1Pw0

∥∥ ≤ p

1− p
∥w0∥ = ϑ∥w0∥,471

whence (1 − ϑ)∥w0∥ ≤ ∥w∥ ≤ (1 + ϑ)∥w0∥ by the triangle inequality. Since p <472
δ0/(1 + δ0) is exactly ϑ < δ0, the displacement (3.33) is shorter than the radius473
δ0∥w0∥ of the ball that K contains around w0, so474

dist
(
w,Rn \K

)
≥ (δ0 − ϑ)∥w0∥ > 0,475

which places w in K̊. Dividing by ∥w∥ ≤ (1 + ϑ)∥w0∥ and using δ̂0 ≤ 1 gives476

(3.34) δK(w) ≥ δ̂0 > 0.477

Step 2: the decay of eAt. From eAt = eA0t +
∫ t

0
eA0(t−s)A1e

Asds and (3.1) for A0,478

the function ψ(t) := eα0t∥eAt∥ satisfies ψ(t) ≤M0+M0∥A1∥
∫ t

0
ψ(s)ds, so Grönwall’s479

lemma gives ∥eAt∥ ≤ M0e
−(α0−M0∥A1∥)t. Here M0∥A1∥ < α0δ0/(1 + δ0) ≤ α0/2, so480

(3.1) holds with M = M0 and α > α0/2. In particular A is Hurwitz and Mϕ̄/α <481
2M0ϕ̄/α0.482

Step 3: Duhamel along the perturbed equilibrium. The control Bu ≡ µb is admis-483
sible and constant, so (3.19) holds verbatim with the equilibrium w of Step 1, and484
Step 2 bounds its residual, for t ≥ T , by485

(3.35) ∥ϱ(t)∥ ≤ µM0e
−α0T/2∥w∥+M0ρ+

2M0ϕ̄

α0
.486

This is (3.4) with β ≡ β0 = 1, c1 = M0e
−α0T/2 and c2 = M0ρ + 2M0ϕ̄/α0, and we487

apply Lemma 3.3 with the computable lower bound δ = δ̂0 of (3.34). The condition488

T > T 0
min of (3.30) is exactly c1 < δ̂0. Since ∥w∥ ≥ (1 − ϑ)∥w0∥ by Step 1, (3.31)489

implies (3.5). Lemma 3.3 therefore gives (3.32). Finally ∥x(t)∥ ≤ µ∥w∥ + ∥ϱ(t)∥ ≤490
µ(1 +M0)∥w∥+M0ρ+ 2M0ϕ̄/α0 ≤ R0

µ on [0,+∞), again by ∥w∥ ≤ (1 + ϑ)∥w0∥.491

The factor 2 in R0
µ and in (3.31) absorbs the decay rate of eAt; Step 2 of the proof492

gives (3.1) with M =M0 and some α > α0/2.493
Every quantity in (3.29)–(3.31) is computed from A0, B, K, ρ, ϕ̄ and an upper494

bound on ∥A1∥. NeitherA1 itself nor the true margin δK(w) of the realized equilibrium495

w = −A−1b enters, δ̂0 being a computable lower bound for the latter. All the constants496
are monotone in ϑ, so an upper bound may be substituted for it throughout.497

Condition (3.29) compares a displacement with a margin, both measured relative498
to ∥w0∥. The unknown part may move the equilibrium anywhere inside the ball that499
K already contains around the nominal one, and no further; this is the comparison of500
Figure 3.1, with the displacement ϑ∥w0∥ in place of ∥ϱ∥. Raising the amplitude does501
not repair a violation. By (3.19) the state is µw up to an error that grows strictly502
more slowly than µ, so once w has left K, a larger amplitude only drives the state503
further from the region. The hypothesis is monotone in δ0, so a direction realizing it504
exists as soon as505

(3.36) ∥A1∥ <
α0

M0
· δ∗K(A0)

1 + δ∗K(A0)
,506

a condition on the data alone. It suffices to take δ0 close enough to δ∗K(A0) in (3.14).507
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When the known part is a multiple of the identity, the transient no longer has to508
be waited out. What must stay inside K is then the curve t 7→ (Id−eAt)(−A−1b) of509
(3.11), which stays within a controlled error of its limit at every time. The counterpart510
is a stronger condition on A1.511

Lemma 3.9 (Steering in arbitrary time, scalar known part). Let A0 = −λ Id512
with λ > 0, so that M0 = 1, α0 = λ and p = ∥A1∥/λ in (3.27). Let K ⊂ Rn be closed513
and coradiant with nonempty interior and let b ∈ Im(B) be such that w0 := b/λ ∈ K̊.514
Set δ0 := δK(w0) and assume515

(3.37) 2ϑ < δ0.516

Then (2.12) can be steered into K in every time T > 0. For every ρ > 0 and every517

(3.38) µ ≥ 1

1− e−λT
max

{
1,

λ(1 + ϑ)
(
R+ ρ+ 3ϕ̄/(2λ)

)
(1− ϑ)(δ0 − 2ϑ) ∥b∥

}
,518

the constant control Bu ≡ µb drives every solution of (2.12) with x(0) ∈ B(0, ρ) so519
that520

(3.39) x(t) ∈ K and ∥x(t)∥ ≥ R ∀t ≥ T,521

and ∥x(t)∥ ≤ R0
µ for every t ≥ 0.522

Proof. Since 2ϑ < δ0 ≤ 1 we have ϑ < δ0/2, hence p = ϑ/(1 + ϑ) < δ0/(2 + δ0) <523
δ0/(1 + δ0), and p = ∥A1∥/λ makes this the hypothesis (3.29) of Lemma 3.8. Step 1524
of its proof places w := −A−1b in K̊, with525

(3.40) δK(w) ≥ δ̂0 =
δ0 − ϑ

1 + ϑ
, ∥w∥ ≥ (1− ϑ)

∥b∥
λ
.526

Moreover ϑ < 1/2 gives p < 1/3, hence, in the estimates below, α = λ(1− p) > 2λ/3.527
Since −λ Id commutes with A1 we have eAt = e−λteA1t, so ∥eAt∥ ≤ e−(λ−∥A1∥)t528

and M = 1 may be taken in (3.1). Under the constant control Bu ≡ µb, Duhamel’s529
formula (3.8) written in the form (3.11), which keeps the whole amplitude in a single530
term, reads531
(3.41)

x(t) = µ
(
Id−eAt

)
w+ϱ(t), ϱ(t) := eAtx(0)+

∫ t

0

eA(t−s)ϕ(s) ds, ∥ϱ(t)∥ ≤ ρ+
ϕ̄

α
,532

the residual ϱ being bounded uniformly in t and in µ. It therefore suffices to keep the533
curve t 7→ (Id−eAt)w far enough inside K for every t ≥ T . Now534

(3.42)
(
Id−eAt

)
w =

(
1− e−λt

)
w + z(t), z(t) := e−λt

(
Id−eA1t

)
w.535

The first term lies on the ray R+w for every t > 0; in the general case the transient536
rotates the state away from the ray, whereas here the entire deviation is carried by z.537
From ∥ Id−eA1t∥ ≤ e∥A1∥t − 1,538

(3.43) ∥z(t)∥ ≤ e−λt
(
e∥A1∥t − 1

)
∥w∥ =

(
1− e−λt

)e−λt
(
e∥A1∥t − 1

)
1− e−λt

∥w∥,539

and we claim that the fraction is bounded by p = ∥A1∥/λ for every t > 0. Setting540
s := e−λt ∈ (0, 1), it reads (s1−p−s)/(1−s). Since p ∈ (0, 1), the function s 7→ s1−p is541
concave, hence lies below its tangent at s = 1, which is s1−p ≤ (1−p)s+p; rearranging542
gives (s1−p − s)/(1− s) ≤ p. Hence543

(3.44) ∥z(t)∥ ≤
(
1− e−λt

)∥A1∥
λ

∥w∥, t > 0.544

14

This manuscript is for review purposes only.



Both terms of (3.42) carry the same factor 1−e−λt, so their comparison is independent545
of t and of µ, and no minimal time is needed.546

Substituting (3.42) into (3.41) gives x(t) = µ
(
1− e−λt

)
w +

(
µz(t) + ϱ(t)

)
, which547

by (3.44) is (3.4) with548

β(t) = 1−e−λt ≥ β0 := 1−e−λT , c1 =
∥A1∥
λ

=
ϑ

1 + ϑ
, c2 = ρ+

ϕ̄

α
< ρ+

3ϕ̄

2λ
,549

for t ≥ T , since t 7→ 1 − e−λt is nondecreasing. We apply Lemma 3.3 with δ = δ̂0,550
legitimate by (3.40). Then551

(3.45) δ − c1 ≥ δ0 − ϑ

1 + ϑ
− ϑ

1 + ϑ
=

δ0 − 2ϑ

1 + ϑ
> 0552

by (3.37). With ∥w∥ ≥ (1− ϑ)∥b∥/λ, the condition (3.5) is implied by553

µ
(
1− e−λT

) (δ0 − 2ϑ)(1− ϑ)

1 + ϑ
· ∥b∥
λ

≥ R+ ρ+
3ϕ̄

2λ
,554

which is the second entry of the maximum in (3.38), the requirement µβ0 ≥ 1 being555
the first. Lemma 3.3 therefore gives (3.39). Finally, ∥eAt∥ ≤ 1 gives ∥x(t)∥ ≤ µ

(
1 +556

∥eAt∥
)
∥w∥+ρ+3ϕ̄/(2λ) ≤ 2µ(1+ϑ)∥w0∥+ρ+2ϕ̄/λ = R0

µ on [0,+∞), since M0 = 1557
and α0 = λ here.558

As in Lemma 3.8, a suitable direction exists as soon as A1 obeys a single bound559
on the data, here560

(3.46) ∥A1∥ < λ · δ∗K(A0)

2 + δ∗K(A0)
,561

which is equivalent to 2ϑ < δ∗K(A0). A direction of margin δ0 > 2ϑ then exists by562
(3.14).563

Condition (3.46) does not involve T ; it acts on the amplitude instead, which by564
(3.38) grows like 1/(λT ) as the prescribed time shrinks. It is also of a different nature565
from (3.29); it bounds the rotation of the curve t 7→ (Id−eAt)w at small times,566
whereas (3.29) bounds the displacement of the equilibrium. Both conditions enter567
here, and their sum is the factor two of (3.37). Sharpening the estimate would not568
improve the threshold, since ∥A1∥/λ is the exact supremum of the fraction bounded569
in the proof, approached as t→ 0.570

3.4. Concatenating the steps571

Lemma 3.10 (Sequential steering). Let Assumption 2.8 hold and, for each i ∈572
J1, nK, let (2.12) be steerable into Ki in some time Ti > 0 in the sense of Definition 3.4.573
Then for every ρ > 0 and every T >

∑n
i=1 Ti there exist an excitation design E =574

{(vi, Ji)}i∈J1,nK realizable in time T and a control u : [0, T ] → Rm such that every575
solution of (2.12) with x(0) ∈ B(0, ρ) satisfies576

(3.47) x(t) ∈ Ki and S(x(t)) = vi ∀t ∈ Ji, ∀i ∈ J1, nK.577

Proof. Write s0 := 0 and choose dwell times τi > 0 with
∑n

i=1(Ti + τi) < T ,578
which is possible since T >

∑
i Ti. Set579

(3.48) t1 := T1, ti := si−1 + Ti, si := ti + τi, i ∈ J1, nK,580

and Ji := [ti, si], so that t1 ≥ T1, ti ≥ si−1 + Ti and sn < T ; in particular E :=581
{(vi, Ji)}i∈J1,nK is realizable in time T . The construction of the control is by induction582
on i, the induction hypothesis being a bound ρi on the norm of the state at time si−1,583
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with ρ1 := ρ. Given ρi, Definition 3.4 applied with the initial time si−1 furnishes for584
Ki and the radius ρi a control ui and a radius ρ′i such that any solution issued at585
time si−1 from a state of norm at most ρi satisfies x(t) ∈ Ki and ∥x(t)∥ ≥ R for every586
t ≥ si−1+Ti, hence for every t ∈ Ji by (3.48), and ∥x(t)∥ ≤ ρ′i throughout. By (2.13),587
S(x(t)) = vi on Ji, which is (3.47). Setting ρi+1 := ρ′i closes the induction, and the588
concatenation u :=

∑n
i=1 ui1[si−1,si), extended to [0, T ] by un on [sn, T ], is the desired589

control. The vi are linearly independent by Assumption 2.8, so E is a design of full590
rank.591

Only the amplitudes and the radii ρ′i carried from one step to the next depend592
on the initial radius. The times Ti do not, so the induction does not lengthen the593
horizon as it progresses, and the T ∗ of Theorems 2.10 and 2.11 is the same for every594
initial ball.595

3.5. Proofs of the theorems596

Proof of Theorem 2.10. For each i the hypothesis is (3.15) with K = Ki. Let597
δi := δ∗Ki

(A) > 0. By Lemma 3.6, a direction w ∈ Im(A−1B) ∩ K̊i makes (2.12)598

steerable into Ki in every time Ti > α−1 ln
(
M/δKi(w)

)
, and (3.14) makes every599

margin below δi available in Ki. Set600

(3.49) T ∗ :=

n∑
i=1

1

α
ln
M

δi
≥ 0,601

which is nonnegative because M ≥ 1 ≥ δi. Given T > T ∗, the margins δKi
(w) can be602

taken close enough to the δi that the sum of the corresponding times Ti is below T ,603
and Lemma 3.10 then returns an excitation design realizable in time T and a control604
realizing it.605

The larger the margins available in the Ki, the shorter T ∗.606

Proof of Theorem 2.11. For each i let δi := δ∗Ki
(A0) > 0, a quantity determined607

by A0, B and Ki alone, and set608

(3.50) ε0 :=
α0

M0
min

1≤i≤n

δi
3 + δi

.609

Let ∥A1∥ ≤ ε0, so that (M0/α0)∥A1∥ ≤ δi/(3 + δi) for every i. By (3.14) each Ki610
contains a direction of margin δ0 as close to δi as desired, and since δi/(3 + δi) <611
δ0/(1 + δ0) once δ0 is close enough to δi, such a direction satisfies the hypothesis612
(3.29) of Lemma 3.8. That lemma therefore applies to each Ki, with ϑ ≤ δi/3, and613
as δ0 → δi the time in (3.30) decreases to at most614

(3.51) T ∗ :=

n∑
i=1

2

α0
ln
M0(3 + δi)

2δi
> 0,615

because ϑ ≤ δi/3 gives (δi − ϑ)/(1 + ϑ) ≥ 2δi/(3 + δi). Given T > T ∗, choosing the616
margins close enough to the δi gives times Ti with

∑
i Ti < T , as in the previous617

proof, and Lemma 3.10 concludes. The directions, the margins δi, the times Ti and618
the amplitudes are all computed from A0, B, the Ki, ϕ̄, ρ and the bound ε0; A1 is619
nowhere used.620

Remark 3.11 (Choice of ε0). The constant 3 in (3.50), in place of the 1 of621
(3.36), leaves room for the stronger condition (3.37) of Lemma 3.9, which case ii.622
of Theorem 2.12 meets exactly. The same ε0 then serves both theorems, with a623
correspondingly larger T ∗ here.624
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Proof of Theorem 2.12, case i.. Here A1 = 0, so A = A0 is known and Hurwitz625
and the hypothesis of Theorem 2.11 is (3.15) for each Ki. Since (A,B) is controllable,626
Lemma 3.7 makes (2.12) steerable into Ki in every time Ti > 0. Given T > 0, taking627
the Ti small enough that

∑
i Ti < T and applying Lemma 3.10 concludes. Hence628

T ∗ = 0.629

Proof of Theorem 2.12, case ii.. Here A0 = −λ Id with λ > 0, so M0 = 1, α0 = λ630
and A = −λ Id+A1 has the structure required by Lemma 3.9. By (3.50), ∥A1∥ ≤ ε0631
gives ϑ ≤ δi/3 for every i, so 2ϑ ≤ 2δi/3 < δi and (3.14) supplies in each Ki a direction632
of margin δ0 > 2ϑ, which is (3.37). Lemma 3.9 then makes (2.12) steerable into Ki633
in every time Ti > 0, and one concludes as in case i. Hence T ∗ = 0, the control on634
the i-th step being computed from λ, B, Ki, ϕ̄, ρ and the bound ε0.635

4. Output feedback and state recovery636

4.1. The output feedback law637

The feedback constructed here reads the measurement coordinate by coordinate.638
Where a coordinate indicates saturation it pushes the state back with a constant639
effort; where the measurement lies in the invertible range of the saturation it switches640
to proportional tracking. No direction enters the law, and a scalar gain k replaces the641
amplitude of Section 3. The construction uses H, S0 and W , all taken known; A and642
ϕ remain unknown and enter only through a known linear-growth bound on the drift,643
stated in Lemma 4.1. For k > 0, ω ∈ (0, 1/2) and a scalar reference value γ ∈ R,644
define the scalar feedback645

(4.1) η0(σ; k, γ, ω) =



k, σ ≤ 0,

ℓ1(σ; k, γ), 0 < σ < ω,

−k
(
S−1
0 (σ)− γ

)
, ω ≤ σ ≤ 1− ω,

ℓ2(σ; k, γ), 1− ω < σ < 1,

−k, σ ≥ 1,

646

where ℓ1 and ℓ2 are the functions of σ, affine on [0, ω] and on [1 − ω, 1] respectively,647
making η0 continuous. Figure 4.1 shows the five branches.648

proportional range

σ

η0

k

−k

ω

1 − ω 1

S0(γ)

ℓ1

ℓ2

Figure 4.1. The scalar feedback (4.1) as a function of the measured coordinate σ. Outside
[0, 1] the measurement carries no information about the state and the law applies the constant effort
±k. On [ω, 1 − ω] it is the proportional term −k(S−1

0 (σ) − γ), which vanishes at σ = S0(γ). The
affine pieces ℓ1 and ℓ2 make the law continuous across the two deadbands.

The feedback of Theorem 2.15 is obtained by applying (4.1) to each coordinate649
of Hy = S1(x), with the corresponding coordinate of the reference, and inverting B.650
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Writing, for σ ∈ Rn and γ ∈ Rn,651

(4.2) η0(σ; k, γ, ω) :=
(
η0(σ1; k, γ1, ω), . . . , η0(σn; k, γn, ω)

)⊤
,652

the feedback is653

(4.3) η(y, γ) := B−1η0

(
Hy; k, γ, ω

)
.654

Since B−1 is applied last, the control enters the dynamics as655

(4.4) Bu = η0

(
S1(x); k, γ, ω

)
,656

so that the loop is closed coordinate by coordinate and the analysis is scalar.657
For ω ∈ (0, 1/2) write658

(4.5) Ωω :=
[
S−1
0 (ω), S−1

0 (1− ω)
]n ⊂ Ω̊659

for the box obtained from Ω by staying at distance ω from the saturation levels,660
measured on the output side, and, for L > 0 and X ⊂ Rn, let C1,L(R, X) denote the661
set of C1 curves with values in X whose derivative is bounded by L.662

Lemma 4.1 (Tracking under a saturated measurement). Let B be invertible, let663
g : Rn × Rm × R → Rn be continuous with664

(4.6) ∥g(x, u, t)∥ ≤ a∥x∥+ cg, (x, u, t) ∈ Rn × Rm × R,665

for some known constants a, cg > 0, and consider666

(4.7) ẋ = g(x, u, t) +Bu, y =WS(x),667

with W known and H, S0, S1 as in Assumption 2.13. Let ε, ρ, L > 0, let 0 < T1 < T2,668
let ω ∈ (0, 1/4) and let γ ∈ C1,L(R,Ω2ω). Then there exists k⋆ > 0, given by (4.12)669
below, such that for every gain k > k⋆ the solutions of (4.7) under the control u(t) =670
η(y(t), γ(t)) of (4.3), issued from B(0, ρ), are global in time and satisfy671

(4.8) x(t) ∈ Ωω ∀t ≥ T1, ∥x(t)− γ(t)∥ ≤ ε ∀t ≥ T2.672

Proof. By (2.16), Hy(t) = HWS(x(t)) = S1(x(t)), so (4.3) is indeed an output673
feedback. Continuity of S, g and η0 gives local existence and absolute continuity of674
the solutions, and as noted after (4.3) the closed loop reads675

(4.9) ẋj = gj(x, u, t) + η0
(
S0(xj); k, γj , ω

)
, j ∈ J1, nK.676

Set677

(4.10) Λ := max
{
ρ, |R|, |R̄|

}
, κ := a

√
nΛ + cg + L,678

679

(4.11) cω := min
{
1, S−1

0 (1− ω)− S−1
0 (1− 2ω), S−1

0 (2ω)− S−1
0 (ω)

}
> 0,680

the positivity of cω following from ω < 1/4 and the strict monotonicity of S0 on [R, R̄],681
and682
(4.12)

k⋆ := max

{
1

cω

(
2Λ

T1
+ a

√
n (Λ + 1) + cg

)
,

2
√
nκ

ε
,

1

T2 − T1
ln

2
√
n (R̄−R)

ε

}
.683

Throughout, k > k⋆, whose first term in particular gives684

(4.13) k >
a
√
n (Λ + 1) + cg

cω
.685
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Step 1: the feedback is uniformly negative on the upper saturated range. Since686
γj(t) ∈ [S−1

0 (2ω), S−1
0 (1− 2ω)], the value of η0 at σ = 1−ω is −k(S−1

0 (1−ω)− γj) ≤687
−kcω by (4.11), and its value at σ = 1 is −k ≤ −kcω. Being affine in σ on [1− ω, 1]688
and constant beyond, η0 is therefore at most −kcω on the whole of [1 − ω,+∞).689
Symmetrically η0 ≥ kcω on (−∞, ω]. In terms of the state,690

(4.14) η0
(
S0(ξ); k, γj , ω

){≤ −kcω, ξ ≥ S−1
0 (1− ω),

≥ kcω, ξ ≤ S−1
0 (ω).

691

Step 2: an invariant box, and globality. We claim that {∥x∥∞ ≤ Λ} is positively692
invariant; we argue on the larger box {∥x∥∞ ≤ Λ + 1}, where (4.6) remains usable.693
Suppose the solution reaches ∥x(t1)∥∞ = Λ + 1 at some first time t1, and let j be694
an index with xj(t1) = Λ + 1, say, the other case being symmetric. Since xj(0) ≤695
ρ ≤ Λ, the set of times before t1 with xj = Λ is nonempty and closed; let t0 be its696
maximum, so that xj > Λ on (t0, t1]. On [t0, t1] we have ∥x∥∞ ≤ Λ+1, so (4.6) gives697
|gj | ≤ a

√
n(Λ + 1) + cg, and xj ≥ Λ ≥ R̄ ≥ S−1

0 (1 − ω) there, so (4.9) and (4.14)698
give ẋj ≤ a

√
n (Λ + 1) + cg − kcω < 0 almost everywhere on [t0, t1] by (4.13),699

contradicting xj(t1) > xj(t0). The solution therefore stays in the box, hence is global,700
and701

(4.15) ∥g(x(t), u(t), t)∥ ≤ a
√
nΛ + cg, ∀t ≥ 0.702

Step 3: Ωω is reached before T1 and is invariant. By (4.14) and (4.15), whenever703
xj(t) ≥ S−1

0 (1−ω) one has ẋj ≤ −(kcω − a
√
nΛ− cg) < 0, and symmetrically ẋj > 0704

whenever xj(t) ≤ S−1
0 (ω). The interval [S−1

0 (ω), S−1
0 (1 − ω)] is therefore positively705

invariant for xj , and since |xj(0)| ≤ Λ and |S−1
0 (σ)| ≤ Λ for σ ∈ [0, 1], it is reached706

after a time at most 2Λ
kcω−a

√
nΛ−cg

, which tends to 0 as k → ∞ and is at most T1 by707

the first term of (4.12). Hence x(t) ∈ Ωω for every t ≥ T1, the first assertion of (4.8).708
Step 4: tracking. For t ≥ T1 we have S0(xj(t)) ∈ [ω, 1− ω], so S−1

0 (S0(xj)) = xj709
and (4.9) reads ẋj = gj − k(xj − γj). With ej := xj − γj and ∥γ̇∥ ≤ L, (4.15) and710
(4.10) give711

(4.16) D+|ej | ≤ κ− k|ej | almost everywhere on [T1,+∞),712

where D+ is the upper right Dini derivative, |ej | being absolutely continuous but not713
differentiable at its zeros. Hence, by Grönwall’s inequality and |ej(T1)| ≤ R̄−R,714

(4.17) |ej(t)| ≤
(
R̄−R

)
e−k(t−T1) +

κ

k
, t ≥ T1.715

The constant κ does not depend on k, so both terms are at most ε/(2
√
n) for every716

t ≥ T2 as soon as717

(4.18) k > max

{
2
√
nκ

ε
,

1

T2 − T1
ln

2
√
n (R̄−R)

ε

}
,718

whose right-hand side collects the two remaining terms of (4.12). Then ∥x(t)−γ(t)∥ ≤719 √
nmaxj |ej(t)| ≤ ε for t ≥ T2.720

The three terms of (4.12), all computed from the data declared known, correspond721
respectively to attraction and invariance of Ωω before T1, to the offset bound, and to722
the decay of the initial error before T2.723

The reference is required to stay in the deeper box Ω2ω, while the feedback is724
built with the deadband ω. The gap makes the proportional term nonzero at the edge725
of Ωω, hence makes that box invariant. With a single deadband the term vanishes726
when γ sits exactly on the edge, and nothing pushes the state back.727
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Proof of Theorem 2.15. Let K ⊂ Ω̊ be a compact set containing the values of γ728
and let L > 0 bound ∥γ̇∥. Since K is compact and contained in the open box Ω̊, there729
is ζ > 0 with K ⊂ [R + ζ, R̄ − ζ]n, and then, S−1

0 being continuous on [0, 1] with730
S−1
0 (0) = R and S−1

0 (1) = R̄, there is some ω ∈ (0, 1/4) with K ⊂ Ω2ω, so that γ ∈731
C1,L(R,Ω2ω). The system (2.12) is of the form (4.7) with g(x, u, t) = Ax+ ϕ(x, u, t),732
which is continuous and satisfies (4.6) with a = ∥A∥ > 0 and cg = ϕ̄ > 0, uniformly733

in u and t. Lemma 4.1 then gives (4.8), and Ωω ⊂ Ω̊ turns its first assertion into that734
of (2.18). The deadband ω and the gain threshold k⋆ of (4.12) are the explicit output735
of this construction, computed from upper bounds on ∥A∥ and on ϕ̄.736

The construction used one property of the output, namely thatHy be a component-737
wise saturation of the state. Outside the class (2.16) the scalar law (4.1) has no738
component-wise meaning, the unsaturated region is no longer a box, and its faces739
are not aligned with the coordinates, so the recovery of Section 4.2 does not carry740
over. The steering results of Section 3 hold for general coradiant regions; the orthant741
geometry enters at this last stage only.742

4.2. Recovering the state from the output743

It remains to invert the output map on the unsaturated region. Two inversions744
are involved. That of W is linear and valid at all times; that of the saturation is745
nonlinear and valid only where the state is unsaturated.746

Proof of Corollary 2.16. By (2.16) the signal Hy(t) = S1(x(t)) is available at747
every time and whatever the state. Next, S0 is continuous and strictly increasing748
on [R, R̄] with S0(R) = 0 and S0(R̄) = 1, hence an increasing bijection from [R, R̄]749
onto [0, 1], whose inverse is continuous by compactness. Applying this coordinate by750
coordinate, the restriction of S1 to Ω is a homeomorphism onto [0, 1]n, with inverse751
(σ1, . . . , σn) 7→ (S−1

0 (σ1), . . . , S
−1
0 (σn)). By Theorem 2.15 the state lies in Ω̊ for752

t ≥ T1, and (2.19) follows by applying that inverse to Hy(t) = S1(x(t)).753

Remark 4.2 (Conditioning of the recovery). Assume S0 is C1 with S′
0 > 0 on754

(R, R̄) and set mω := min{S′
0(ξ) : S0(ξ) ∈ [ω/2, 1 − ω/2]} > 0, where ω is the755

deadband produced by the proof of Theorem 2.15. Suppose the output is measured756
as y+ν with ∥Hν∥∞ ≤ min{ν̄, ω/2}. For t ≥ T1 the state lies in Ωω, so the coordinates757
of H(y+ν) still lie in [ω/2, 1−ω/2], on which S−1

0 is m−1
ω -Lipschitz, and the recovered758

state x̂j := S−1
0

(
(H(y + ν))j

)
obeys759

(4.19) ∥x̂(t)− x(t)∥∞ ≤ ν̄

mω
, t ≥ T1.760

For a saturation which is C1 across its levels, S′
0 vanishes there and mω → 0 as761

ω → 0, so the recovery is ill-conditioned near saturation. This is why the feedback762
is designed to keep the state at a positive distance from the levels, invertibility of S0763
alone being of no use there. The noise is accounted for here in the recovery step alone,764
the trajectory being the one produced by the noiseless loop of Theorem 2.15. If the765
feedback is itself driven by y + ν, the sign estimate (4.14) survives with cω replaced766
by cω − ∥Hν∥∞/mω. The same conclusions then hold for a noise small in that ratio,767
with a correspondingly larger gain.768

5. Numerical simulation769

We illustrate the identification of W on a two-dimensional example, the smallest770
one in which the mechanism is visible. Two regions must be visited, and the excitation771

20

This manuscript is for review purposes only.



design is read directly on the phase plane. We take n = q = 2, m = 1 and consider772

(5.1)

{
ẋ = −λx+ CS(x) + wk(t) +Bu(t),

y =WS(x) + νk(t),
773

with B =
[
1 −1

]⊤, λ = 1.2, and C, W unknown matrices whose entries are drawn774
independently and uniformly in [−1, 1]. The saturation is piecewise linear with levels775
R = 0 and R̄ = 1.5,776

(5.2) S0(ξ) = clamp

(
ξ

1.5
, 0, 1

)
=


0 ξ ≤ 0,

ξ

1.5
0 < ξ < 1.5,

1 ξ ≥ 1.5,

777

applied component-wise. The system is integrated by an Euler scheme with step778
Ts = 10−3, and wk and νk are independent zero-mean Gaussian variables drawn afresh779
at each step, with standard deviations σw = 0.5 and σν = 0.3. Averaging the output780
over a window of length τ suppresses the output noise by a factor of order (Ts/τ)

1/2,781
which puts the errors reported below at the scale σν(Ts/τ)1/2 ≃ 3 × 10−3. In the782
notation of Subsection 2.2 this is (2.12) with A0 = −λ Id, A1 = 0 and ϕ = CS(x)+wk.783
The coupling term is bounded, since ∥S∥∞ = 1, but the Gaussian noise wk is not, so784
the simulation probes the method slightly outside the class covered by the theorems,785
which assume a uniform bound ϕ̄ on the whole of ϕ.786

The image of B is the line spanned by (1,−1)⊤, which meets the two orthants787
of pattern (+,−) and (−,+). The corresponding saturation values v1 = (1, 0)⊤ and788
v2 = (0, 1)⊤ are linearly independent, so Assumption 2.8 is satisfied with the two789
sets (2.14) K1 = [1.5,+∞) × (−∞,−1.5] and K2 = (−∞,−1.5] × [1.5,+∞), which790
correspond to R = max{|R|, |R̄|} = 1.5. Since A1 = 0, case ii. of Theorem 2.12791
applies and the design may be realized on an arbitrarily short horizon. We take792
long windows nonetheless, τ = 10, so as to display the averaging effect of (2.6) on793
the output noise. With t1 = τ and t2 = t1 + 2τ , the piecewise constant control is794
u = µ11[0,t1+τ ] − µ21[t1+τ,t2+τ ] with µ1 = 10 and µ2 = 12, which is the control of795

Lemma 3.10 for this design. The associated equilibria are µ1(1,−1)⊤/λ ≃ (8.3,−8.3)796
and µ2(−1, 1)⊤/λ ≃ (−10, 10), both well inside the respective regions. Figure 5.1797
shows the resulting trajectory in the phase plane, with the two segments on which798
S(x(t)) = vi highlighted. These are the segments the estimator integrates over.799

The matrix W is then estimated by the estimator E(y; E) of (2.6) with E =800
{(v1, [t1, t1 + τ ]), (v2, [t2, t2 + τ ])}, the integrals being evaluated by the trapezoidal801
rule on the sampled output. Over 100 runs, with C, W and the noises redrawn each802
time, the error ∥E(y; E) −W∥ had mean 9 × 10−3, within a factor of three of the803
predicted scale 3× 10−3. Three effects explain the gap. During the saturated phases804
S(x(t)) = vi regardless of small perturbations of x, so the estimator is insensitive to805
the state noise wk; the output noise νk has zero mean, so the time averaging in (2.6)806
acts as a low-pass filter and reduces its contribution by a factor of order τ−1/2; and807
the inversion by Γ(E)−1 in (2.6) is well conditioned, the two values v1 and v2 being808
orthogonal.809

The simulation covers the identification stage only, in the setting of case ii. of810
Theorem 2.12; the output feedback of Section 4 and the recovery of Corollary 2.16811
are not simulated here.812
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Figure 5.1. Trajectory of x in the phase plane, colour-coded by saturation regime. The red
segment is the interval [t1, t1 + τ ], on which S(x(t)) = v1 = (1, 0)⊤, and the yellow segment is
[t2, t2 + τ ], on which S(x(t)) = v2 = (0, 1)⊤. The grey portions are the transients between them.

6. Conclusion813

We have shown that the saturation of an unmeasured state can be turned into814
a regressor whose values are known in advance, so that an unknown output ma-815
trix is recovered exactly by a closed-form linear regression, with no observer and no816
persistence of excitation. The excitation is designed, not assumed. Indeed, explicit817
piecewise-constant or Gramian-based controls steer every trajectory issued from a ball818
of initial conditions through the saturation regions in a prescribed order, under a geo-819
metric condition on the known part of the dynamics, given at three levels of knowledge820
of the linear part. Once the matrix is known, an output feedback keeps the state away821
from saturation, and the state is recovered by component-wise inversion.822

The identification stage assumes the linear part of the dynamics to be known, or823
known up to a perturbation small enough to satisfy an explicit bound. The recovery824
stage is more demanding, requiring a square invertible input matrix and at least as825
many independent outputs as states. The robustness of the identification to measure-826
ment noise is established only empirically, through the simulation of Section 5; the827
only noise bound proved is the conditioning estimate of the recovery step. Finally,828
the feedback gain is computed from upper bounds on the norm of the linear part and829
on the perturbation term, which must therefore be available.830
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